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Gaseous Lead Phosphates: Structures and 
Thermodynamic Properties

Emelyanova Ksenia
noctua94@gmail.com

Scientific supervisor: Prof. Dr. Lopatin S.I., Department of General 
and Inorganic Chemistry, Institute of Chemistry, Saint Petersburg 
State University

Introduction
Oxides formed by elements of 14-th group of a Periodic table represent a wide 

class of prospective materials which find their application in such fields as, for 
example, fireproof and antirust coatings. Phosphate glasses are technologically 
important materials, primarily because of their low glass transition temperatures, 
low optical dispersions and relatively high thermal expansion coefficients [1, 2]. 
It is known [3] that PbO can incorporate itself into the structure of glass-forming 
oxides (SiO2, B2O3, P2O5, etc) accordingly increasing service life of glasses. 

Processes of selective vaporization of PbO or more complex substances form-
ing by lead oxide and other oxides may occur under synthesis and exploitation of 
above-mentioned materials. Nowadays high temperature mass-spectrometry is the 
best method to determine qualitative and quantitative vapor composition. 

Our research team has investigated the PbO-P2O5 system. Our aim was to create 
conditions for coexistence of lead phosphates of different composition in vapor and 
to calculate their enthalpies of formation. Also we conducted a theoretical study 
of gaseous lead phosphates using several quantum chemical methods. As a result 
we managed to confirm the stability of gaseous lead phosphates PbPO2, Pb(PO3)2 
and PbP2O6. We have studied a number of gas-phase reactions involving gaseous 
lead phosphates. Experimental data were in an agreement with those evaluated 
theoretically.

Results and Discussion
In the present work the thermodynamic properties of gaseous lead phosphates 

PbPO2, Pb(PO3)2 and PbP2O6 were investigated by high-temperature mass spec-
trometer (Knudsen effusion method combined with mass spectrometric analysis of 
vapor composition). The experiments were carried out using the MS-1301 mass-
spectrometer (Construction Bureau, Academy of Science, St. Petersburg, Russia). 
All details are described elsewhere [4].

Our experiment may be divided into two parts. 
Firstly, we conducted vaporization of lead metaphosphate from the platinum 

Knudsen cell in neutral conditions. In the temperature range of 1420-1580 K the 
P4O10

+, P3O7
+, PO2

+, PO+, Pb+, PbO+, PbPO3
+ and PbP2O6

+ ions in mass spectrum 
over the Pb(PO3)2 were detected. 

In the second part of our investigation we proceeded to vaporization of lead 
diphosphate Pb2P2O7 in reducing conditions from molybdenum cell. In the tem-
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perature range of 1400-1460 K we observed the PO+, PO2
+, Pb+, PbO+, PbPO2

+ and 
PbPO3

+ ions in mass spectrum of the vapor.
In order to determine vapor composition, appearance energies of ions were 

measured using vanishing current method with Au as an energy standard. We ar-
rived to a conclusion that in the first run of measurements vapor consists of P4O10, 
PO2, Pb, PbO, PbPO3 and PbP2O6. In the second case all ions were molecular. The 
partial pressures of vapor species were obtained using the ion current comparison 
method using Au as the internal pressure standard. The equilibrium constants of 
the gas phase reactions (1 - 7) were measured to obtain the standard formation 
enthalpies of the gaseous lead phosphates. The calculations of reaction enthalpies 
were made by the second- and third- law procedure. 
 PbO + PO2 = PbPO3 (1)
 PbO + ½ P4O10 = PbP2O6 (2)
 PbPO3 + PO2 + PbO = PbP2O6 + Pb (3)
 2 PbO + 2 PO2 = PbP2O6 + Pb (4)
 PbO + PO = PbPO2 (5)
 PO + PbPO3 = PO2 + PbPO2 (6)
 Pb + PO2 = PbPO2 (7)

To fulfill the above-mentioned calculation thermodynamic functions for gaseous 
lead and phosphorus oxides were taken from [5], for gaseous lead oxide - from 
[6]. For gaseous lead phosphates these values were calculated by the statistical 
thermodynamic method in "rigid rotor - harmonic oscillator" approximation. 

Quantum-chemistry calculations were carried out to obtain molecular param-
eters of gaseous salts. We used wave function based explicitly correlation F12 
methods and DFT M06 methods. Energetically favorable structures are presented 
in Fig. 1. 

Thermodynamic properties of gaseous lead phosphates obtained experimen-
tally and theoretically were in an agreement. The standard formation enthalpies 
of gaseous lead phosphates are placed in Tab. 1. 

Fig. 1. Structures of gaseous I - PbPO2, II - PbPO3, III (a, b) - PbP2O6.
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Table 1. The standard formation and standard atomization enthalpies of gaseous 
lead phosphates.

Substance -ΔfH0
298 (kJ/mol) ΔatH0

298 (kJ/mol)
PbPO2 346±27 1356±27
PbPO3 620±23 1883±23
PbP2O6 1557±23 3880±27

Conclusions
1). Synthesis of gaseous lead phosphates PbPO2, PbPO3 and PbP2O6 was carried 

out. Gaseous molecule PbPO2 has been observed in vapor for the first time.
2). Gaseous molecule PbP2O6 which contains two phosphate groups was ob-

tained in vapor for the first time.
3). Standard formation enthalpies of gaseous reactions involving PbPO2, PbPO3 

and PbP2O6 were determined.
4). Energetically favorable structures and molecular parameters of gaseous lead 

phosphates were obtained using quantum-chemistry calculations. 
5). Standard enthalpies of formation and atomization of gaseous lead phosphates 

PbPO2, PbPO3 and PbP2O6 were calculated. 

References
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Synthesis of N,Nʹ,Nʺ-trisubsituted Borazines and Their 
Reactivity Towards AlBr3

Shelyganov* P.A., Dobryanskaya V.E., Linnik S.A.
gdth@yandex.ru

Scientific supervisor: Dr. Timoshkin A.Y., Department of Inorganic 
Chemistry, Institute of Chemistry, Saint Petersburg State 
University

Introduсtion
Compounds with boron-nitrogen bonds are prospective precursors for ceramic 

and smart materials [1]. Such substances are also interesting objects for theoretical 
studies of intermolecular donor-acceptor bonding. The outstanding class of boron-
nitrogen compounds is borazines - inorganic heterocycles, which are isostructural 
and isoelectronic to benzene. However, aromaticity of borazines is slightly different 
compared to benzene. For example, electrophilic substitution reactions are highly 
characteristic for benzene but unusual for borazine. This difference in reactivity 
is due to different electronegativity of boron and nitrogen atoms. 

Recently an evidence for an electrophilic substitution reaction of B,Bʹ,Bʺ-
tribromoborazine in solution was reported (Fig. 1) [2]. Reactions of B,Bʹ,Bʺ-

trisubsituted borazines with aluminum halides lead to the formation of donor-
acceptor complexes [3]. It is interesting if electrophilic substitution could occur in 
N-alkylsubstituted borazines. In this study we report syntheses of hexamethyl and 
N,Nʹ,Nʺ-trialkyl substituted borazines and studies of their interaction in solution 
with aluminum tribromide by NMR. Thermodynamic characteristics of complex-
ation reaction were computed by DFT method. 

Experimental details
N,Nʹ,Nʺ-triethylborazine and N,Nʹ,Nʺ-trimethylborazine were synthezed by 

reaction of RNH2•HCl with MBH4 [4] in THF (R=CH3, C2H5; M=Li, Na) with 28-
31% yield. Hexamethylborazine B3N3Me6 was obtained in low yield and purity 
by following reactions [5]:
 МеNH2•HCl + BCl3 =  Cl3B3N3Me3 + 6 HCl  (133 oC, 3h, C6H5Cl)  
 Cl3B3N3Me3 + MeMgI = B3N3Me6 + MgICl (25 oC, 5h, Et2O) 

Fig.1. Suggested electrophilic substitution mechanism for B,Bʹ,Bʺ-
tribromoborazine [2].
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The purity of H3B3N3R3 (R=CH3,C2H5) was controlled by EI mass spectrom-
etry and 1H NMR. Reaction between H3B3N3Me3 (Co=0.24 mol/l) and AlBr3 
(Co=0.25 mol/l) was carried out in d8-toluene and monitored by 1H, 11B, 27Al, and 
13C NMR spectra in wide temperature interval: 193, 223, 253, 300, 313K, 333, 353, 
373 K. At lower temperatures precipitation of sediment was observed. NMRspectra 
were acquired on a Bruker Avance 400. Spectra were processed using the Mestrelab 
Research MestReNova v9.0.1 package.

Results and Discussion
H3B3N3Me3 competes with C6D5CD3 [6] for the complexation with AlBr3: 

 Me3N3B3H3 + C6D5CD3•AlBr3 = Me3N3B3H3•AlBr3 + C6D5CD3
Analysis of the temperature dependent NMR data reveals that 27Al NMR are 

the most representative spectra (Fig. 2) due to satisfactory relaxation time and 
the largest distinction between signals of the complexes with borazine and with 

solvent. Due to formation of Al-N donor-acceptor bond a partial positive charge 
on nitrogen is inflicted and the NMR signal of the complex with borazine shifts to 
the high field (Fig. 2). Thus, it was assumed that peak at 92.99 ppm corresponds 
to C6D5CD3•AlBr3 and peak at 67.65 ppm corresponds to Me3N3B3H3•AlBr3.  

The two signals are superimposed on one another.  Peaks were divided with the 
help of the approximation methods using OriginLab [7] program package. Then 
integration was carried out and equilibrium constant was computed (Table 1). 

Fig. 2. Temperature dependence of 27Al NMR spectra of Me3N3B3H3 (0.24 mol/l) and 
AlBr3 (0.25 mol/l) solution in deuterium toluene. 1 - 193 К, 2 - 223 К, 3 - 253 К, 
4 - 300 К, 5 - 313 К, 6 - 333 К, 7 - 353 К, 8 - 373 К.
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Table 1. Integral intensity S, and equilibrium constants K at different tem-
peratures. 

T (K) S(C6D5CD3•AlBr3) S(Me3N3B3H3•AlBr3) K

193 11839 47505 100.6

223 10446 50738 148.6

253 10880 47047 117.0

300 9134 35062 92.1

313 4385 16824 92.0

333 3940 13406 72.7

353 4665 14581 61.8

373 4132 12236 55.8
Arrhenius plot (Fig. 3) yields experimental reaction enthalpy ΔH°298 = -4.3 kJ/ mol. 

Data point corresponding to 193 K was excluded due to small solubility (forma-
tion of precipitate).

Aluminium tribromide in aromatic solvents forms two different complexes: 
with monomeric and dimeric form of AlBr3. The ratio of forms was determined 
in a wide range of temperature and concentration using VPD- and MPD-methods 
[6]. Standard enthalpy of the reaction: 
 C6D5CD3•Al2Br6 = AlBr3 + C6D5CD3• AlBr3

Fig. 3. Arrhenius plot for the determination of the reaction enthalpy. 
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was computed at B3LYP/def2-TZVP level of theory as implemented in Gaussian 
09 program package [8], as -4.7 kJ/mol. Computed at the same level enthalpy of 
the reaction 
 C6D5CD3 + AlBr3 = C6D5CD3•AlBr3
equals -10.3 kJ/mol. Enthalpy of reaction 
 Me3N3B3H3 + AlBr3 = Me3N3B3H3•AlBr3
is -14.6 kJ/mol. Energetic profile and optimized structures are given in Fig. 4. 

Conclusions
In this report enthalpy of complexation of N,Nʹ,Nʺ-trimethylborazine with alu-

minium tribromide in toluene was determined using temperature dependent NMR. 
Stability of this complex in solution open perspectives for studying electrophilic 
exchange reactions of N-trisubstituted borazines.
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Synthesis, Thermal Stability and Reactivity of Borazine

Zavgorodniy Artyom
azagal2@yandex.ru

Scientific supervisor: Dr. Timoshkin A.Y., Department of 
Inorganic Chemistry, Institute of Chemistry, Saint Petersburg 
State University

Introduction
Borazine was originally discovered by Alfred Stock in 1926 [1]. Thomas 

Wideman et al. [2] reported a convenient procedure for the laboratory prepara-
tion of borazine by treating ammonium sulfate with sodium borohydride in tet-
raglyme at 120–140° C. Reactivity of borazine is dominated by addition reactions. 
However, recently it was demonstrated that solution of B,Bʹ,Bʺ-tribromoborazine 
in deuterobenzene in presence of AlBr3 undergoes fast H/D- exchange attributed 
to the electrophilic substitution reaction [3]. In absence of the Lewis acid, no 
exchange reaction was observed for 14 months [3]. In presentwork we explore if 
unsubstituted borazine will undergo similar reactivity in presence of AlBr3. In ad-
dition, thermal stability of borazine was studied by static tensimety method with 
membrane null-manometer.

Results and Discussion
Synthesis. Borazine was synthesized by Wideman and Sneddon method [2] 

by reaction between 6.02 g ammonium sulphate and 2.23 g sodium borohydride 
in tetraglym at 140° C. Obtained substance was characterized as borazine by IR 
and 1H NMR spectroscopy.

Fig.1. 1H NMR spectrum of B3N3H6 (red line) and after addition of AlBr3 (blue 
line).
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NMR studies. 8.3 mg of borazine was dissolved in 1.25 ml of C6D6, solution 
was divided in two NMR ampoules. 4.4 mg AlBr3 was added into the second am-
poule, and ampoules were sealed under vacuum.

NMR spectra were recorded using Bruker AVANCE 400 spectrometer. 1H NMR 
spectra are given in Fig. 1. The spectrum of borazine agrees well with published 
data [4]. After AlBr3 addition the intensity of borazine is signals significantly re-
duced, signals are broadened. Note increase of the intensity of signal at 4.43 ppm, 
attributed to molecular hydrogen. At the same time no changes are observed in 2H 
NMR spectrum. This indicates an absence of H/D-exchange between borazine and 
deuterobenzene. Instead, AlBr3 catalyzes the olygomerization of borazine.

In 11B-spectrum of borazine there are doublet at 30.30 ppm (B3N3H6) and triplet 
at -26.76 ppm (attributed to (µ-NH2)B2H5 as impurity). After addition of AlBr3 to 
the solution, signal of borazine broadens and shifts to 31.90 ppm. 

In 27Al NMR spectrum there is shift of signal from 78.53 ppm for AlBr3 in deu-
terobenzene to 91.62 ppm for AlBr3 in presence of borazine. All above mentioned 
changes are comparable to thoseobserved for complexes of AlBr3 with B-trialkyl 
substituted borazines [5], indicating complex formation (Fig. 2).

After addition of AlBr3 intensity of signal of molecular hydrogen at 4.43 ppm in 
1H spectrum increases and signal at 17.26 ppm in 11B spectrum appears. Apparently, 
this signal corresponds to the compound that is the product of decomposition of 
borazine, which is present in initial solution in small concentration and addition 
of AlBr3 catalyzes its formation.

Vapor pressure studies. Static tensimetry method with membrane null-ma-
nometer described in [6] was used. Small amount of borazine was distilled to the 
working volume V = 58.43 ml. Device was placed to the thermostat and connected 
to the mercury manometer. 

Preliminary studies showed that due to small amount of used borazine, vapor in 
working volume was already unsaturated at room temperature. Therefore, measure-
ments in the saturated vapor pressure region were carried out at low temperatures 
by freezing of the working volume by liquid nitrogen and slow heating to the 
room temperature. Vapor pressure-temperature dependences were measured in 
three consequent cooling-heating runs. Deviation from linearity of the dependence 

Fig. 2. Reaction between borazine andgroup13 metalhalides 
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ln(P/ P°) − 1/T in the low temperature region was observed and attributed to the 
presence of molecular hydrogen. Partial pressure of borazine was corrected by 
method of consequent approximations [6].

The enthalpy and the entropy of vaporization of borazine in the temperature 
range 217 – 258 K were determined: 
 ∆vapH°238 = 29.1±0.6 kJ/mol,
 ∆vapS°238 = 86.9±2.5 J/(mol∙К).
Difference from literature values [7] is caused by small amount of substance and 
large working volume used in our experiment.

Prolonged measurements in the unsaturated vapor region indicated slow de-
crease of the amount of gaseous species, which is attributed to process of slow 
decomposition with decreasing the number of gaseous species, for example by 
reaction: 2B3N3H6(gas) → B3N3H5-B3N3H5(solid) + H2(gas).

In this reaction the product of decomposition of borazine is non-volatile and 
does not contribute to the total vapor pressure in the system. 

Conclusions
From the obtained results the following conclusions can be drawn. It shown 

that reactions of B3N3H6 and B3Br3N3H3 are fundamentally different. B3N3H6 does 
not undergo H/D-exchange with C6D6 in presence of Lewis acid. The difference 
can be explained by larger stability of borazonium ion [B3N3H7]+ compared to 
[Br3B3N3H4]+ [8]. AlBr3 forms complex with B3N3H6 and catalyzes processes of its 
polymerization in solution. Investigation of the thermal decomposition of borazine 
in unsaturated vapor pressure range also indicates low polymerization of borazine 
with hydrogen evolution.
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The Relative Humidity Dependence of the Light 
Scattering by Salt Aerosols 

Kondrenkina Vladlena
kondrenkina@mail.ru

Scientific supervisor: Dr. Vlasenko S.S., Department of Atmospheric 
Physics, Faculty of Physics, Saint Petersburg State University

Abstract
This work is devoted to obtaining the relative humidity (RH) dependence of the 

scattering cross section (Csca) of the salt aerosol particles of NaCl and (NH4)2SO4. 
The calculation were made for NaCl and (NH4)2SO4 particles in MATLAB envi-
ronment using "Matlab for Mie" pack. Processing of the data was carried out in 
the program Origin. 

Introduction
Aerosol particles play an important role in the transfer of heat and solar radia-

tion in the atmosphere affecting the Earth’s radiation budget and thus influencing 
the weather and climate. The change in the Earth’s radiative balance due to aerosol 
light scattering and absorption is called the direct aerosol radiative forcing. It can 
be negative or positive, depending on the chemical and microphysical properties 
of the involved aerosols and the Earth’s surface albedo [3].

The optical properties of atmospheric aerosols (scattering and absorption cross 
sections, single scattering albedo etc.) are highly diverse and strongly dependent 
on ambient conditions. For example the aerosol light scattering coefficient is in-
fluenced by RH in the atmosphere. Wet aerosol particles are larger than their dry 
equivalents, therefore they scatter more light, which has a direct impact on the 
radiative forcing [1].

Results and Discussion
To determine the characteristics of the interaction of aerosols with the radiation 

the particles are mathematically modeled as bodies of certain geometric shape that 
help in solving the problem of electromagnetic waves diffraction on the aerosols. 
The simplest case, for which the general solution of the diffraction problem was 
founded, is light scattering by a homogeneous sphere. This solution is known as 
Mie theory [2].
 C Q rsca sca= π 2

 
where Qsca - scattering factor, r - particle radius.

Fig. 1. Photomicrographs of salt particles.
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Complex refractive index is calculated according to the formula

m= 
 (m M )

M
+

 (m M )
M

salt salt water water

where M = Mwater+ Msalt – mass,  Msalt - mass of salt, Mwater - mass of water.
Measurable characteristic of hygroscope particles is the growth factor of par-

ticle mass (G), that is used in the creating of graphs, is known from the published 
data [4]. The dependence of G on the RH for the salts NaCl and (NH4)2SO4  are 
presented in Fig. 3 a, b, respectively.

Fig. 2. Hygroscopic growth of particles.
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Fig. 3. G(RH): а – for NaCl; b – for (NH4)2SO4.
In the calculations we believe that the particles are monodisperse. 
The input data for the calculation of Csca  for the salts are: r0 = 200 nm, λ = 500 

nm, m (NaCl/ (NH4)2SO4) = 1,5; 1,77, m (H2O) = 1,33, ρ (NaCl/ (NH4)2SO4) = 

a

b

,  
nm

,  
nm
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2200kg/ m3; 1766 kg /m3, ρ (H2O) = 1000 kg/m3, where r0 - initial radius, λ - wave-λ - wave-wave-
length, m (NaCl / (NH4)2SO4 ) - salt refractive index, m (H2O) - refractive index of 
water, ρ - density salts, ρ (H2O) – density. Graphs of Csca (RH) were plotted. 

Fig. 4. Csca (RH): а - for NaCl; b – for (NH4)2SO.

b

a

b
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Тhe calculated Csca as function of RH is shown in Fig. 4. In the RH increasing 
mode (hydration) humectants make direct phase transition "deliquescence", and 
in a mode of decreasing RH (dehydration), there is a reverse phase transition "ef-
florescence". 

Conclusions
1. Hygroscopic properties of the particles depending on the humidity is shown a 
hysteresis effect, in which the state of a particle (liquid or solid) depends on the 
previous history of its existence in the humid air.
2. The graph shows that Сsca rapidly increases with RH above deliquescence 
point that indicates a strong effect of high humidity on aerosol scattering in the 
atmosphere. 
3. The obtained results of measuring optical parameters of the aerosol particles 
can be used to refine aerosol unit in numerical weather models.
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Introduction
SPICAM (the Spectroscopy for the Investigation of the Characteristics of the 

Atmosphere of Mars) developed with the participation of Russian scientists from 
the Space Research Institute f the Russian Academy of Sciences is a multifunctional 
spectrometer which had been designed for measuring the radiation outcoming 
from the Martian atmosphere in the ultraviolet (118-320 nm) and infrared (1000-
1700 nm) spectral channels onboard the Mars Express spacecraft lunched in 2003 
year. The device has a rather high spectral resolution: 0,5 – 1,2 nm (3,9 sm-1 in the 
entire spectral range). Field of view is equal to 1°, which corresponds to 5 km if 
the observations are from a pericenter of the orbit. Vertical resolution in the limb is 
equal to 25-200 km depending on the distance from the spacecraft to the planet.

Using the device, one can retrieve the composition of the atmosphere by in-
vestigating the spectra of outgoing radiation since SPICAM is able to detect the 
radiation with high spectral resolution. The research of the content of water vapor 
in the Martian atmosphere is the main objective of the experiment. However, 
the device can be used for other purposes. The instrument operates in different 
observational modes including a registration of the limb radiation. In this paper 
we investigate the suitability of these measurements to determine the parameters 
of aerosols in the atmosphere of Mars by plotting the profiles of limb intensity in 
the CO2 bands.

Results and Discussion
For the limb observations (Fig. 1), a contribution of the planetary surface to 

the outgoing radiation is minimized. The vertical resolution of the limb sounding 
depends on the distance between the spacecraft and the target point. Therefore, the 
measurements of the vertical profiles of the limb intensity are potentially the most 
informative for retrieving the vertical profiles of the optical parameters of aerosols 
permanently presented in the Martian atmosphere. The spectral measurements of 

Fig. 1. Limb mode, ht – target height of the track, A – target point.

A ht
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the limb intensity within the spectral regions of the carbon dioxide 1.4 and 1.6 
micron bands are the most interesting.

In the present study, the spectra of limb radiation intensity recorded by IR 
channel of the SPICAM instrument for two orbits (#02429 on December 3, 2005 
and #07718 on September 1, 2010) corresponding to the minimum of a distance 
between the Mars Express spacecraft and the target point have been investigated. 
Since the aperture of the SPICAM instrument is equal to 1 degree, for these spectra 
the best vertical resolution on the limb planet (23 and 37 km, respectively) has 
been achieved. Eleven spectra recorded by the device for the #02429 orbit and 
fourteen spectra recorded on the #07718 orbit were studied in the present work 
(Fig. 2, Fig. 3).

Due to the movement of the device on its orbit, different sighting height mea-
surements correspond to different parts of the planet's surface. The recording of the 
entire spectrum (332 points) took a little time for 2 seconds. Thus, we can assume 
that the measurements for each orbit are well attached to a particular point on the 
surface of Mars. The negative values of the target height correspond to the provi-
sions of the instrument in its orbit for which the planet's surface gets into its field 
of vision partially or even completely. As Fig. 2. and Fig. 3. show the structure of 
the CO2 bands lost for large values of the target height, since the intensity of the 
radiation is almost proportionate to the noise of the device. Therefore it is reasonable 
to consider the target height in the range from ~5 to ~40 km. Given the fact that 
only the average values of the heights chosen, it can be assumed that the lighting 
conditions were almost unchanged for the device at these heights.

Profiles of the integral intensity depending on the target height of the ray path, 
along which the outcoming limb radiation is formed, were calculated using the 

Fig. 2. Spectra measured by the SPICAM instrument for the orbit #02429 
(SZA=81.8° (ht = 72km) − 76.2° (ht = -21.6km)).
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program developed in C++. Several spectral intervals (with width from 2 up to 50 
nm) within the spectral ranges of the 1.4 and 1.6 mcm bands of CO2 were selected 
for an analysis (Fig. 4). High spectral resolution of the instrument allows to select 
relatively narrow intervals of integration. 

The profiles divided by the width of the intervals have been carried out since 
there is a necessity to compare them with each other. It allowed to proceed with 
the normalized axes. Fig. 4. and Fig. 5. show the dependence of the average limb 

Fig. 3. Spectra measured by the SPICAM instrument for the orbit #07718 
(SZA=76.9° (ht = 76.3 km) − 69.1° (ht = -28.3 km)).

Fig. 4. Vertical profiles of average intensity I for the orbit #02429 (the integrals 
over the spectral ranges with the centers in the specified points, nm). High resolu-
tion h=23 km, Vicinity of 1.4 mcm, δλ = 2 nm.
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intensity of the target height. The average intensity was calculated using this 
formula: 

∫
∆∆

=
ν

νν
ν

dhIhI tt ),(1)( ,

where ∆ν is the width of the spectral range, ht is the target height.
Daily measurements of the limb intensity of Mars were carried out in the near-

infrared spectral range using the CRIZM spectrometer onboard the MRO spacecraft 
[1, 2]. Determination of the parameters of aerosols was carried out. It was used only 
those frequencies which are outside the bands of CO2. In addition, measurements 
[1, 2] were taken with a resolution of ~30 sm-1, which is worse than the resolution 
of SPICAM. Frequency band structure is illegible at this resolution.

Conclusion
The frequency structure of the absorption bands of CO2 of about 1.4 and 1.6 

microns is well discernible in the spectra before the target heights 35-40 km. It 
demonstrates the suitability of the obtained spectra to restore the parameters of 
the Martian aerosols based on spectral absorption features of molecules in these 
bands. The preliminary analysis of the obtained vertical profiles of the integral limb 
intensity was carried out. There is possibility that using the results of the analysis 
will facilitate to retrieve the optical parameters of the Martian aerosols.
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Fig. 5. Vertical profiles of average intensity I for the orbit #07718 (the integrals 
over the spectral ranges with the centers in the specified points, nm). High reso-
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A Genetic algorithm (GA), first proposed by John Holland is an optimization 
technique that arrives at a solution using a method that simulates the process of 
evolution in biological systems [1, 2]. GA is very important methods for the solution 
of non-linear problems. The basic steps in GA are: coding, selection, crossover, 
mutation and choice. Coding is a way of representing data in binary notation. It is 
important to be able to record any valid option that could more or less claim to be 
the solution to the problem. I consider velocity model of medium where velocity 
variations happens with deep. Velocity is changing in linear fashion to the boundary 
between two medium. GA estimates angular coefficient which was named alpha. 
The low alpha limit is zero and the upper limit is one point four-tenths. Assume 
that the desired resolution is five hundredths. For this coding five bits is required. 
The algorithm must now determine the fitness of the individual models. This 
means that the binary information is decoded into the physical model parameters 
and the forward problem is solved. The resulting synthetic data is estimated and 
then compared with the actual observed data using the specific fitness criteria. 
Depending on the problem, the definition of the fitness will vary. It represents the 
squared error function:

F
i

n

α α( ) = − ( )( )
= =

∑∑
k

K

ik iku u
1 1

0
2

where u with zero and u depending on alpha correspond to the observed data and 
the model data for the parameter alpha.

The next step is selection. The selection pairs of the individual models for the 
reproduction are based on their fitness values. Models with the low fitness values 
are more likely to get the selection than models with higher fitness values. The 
most basic selection method uses the ratio of each models fitness function to the 
sum of the fitness of all models in the population to define its probability of the 
solution:

p F
F

s

j

L( ) ( )
( )

α
α

α
=

=∑ 1

where L is the number of models in the population.
The crossover changes some information between the paired models thereby 

generating new models. One bit positioning the binary string is selected at ran-
dom from the uniform distribution. All of the bits to the below of this bit are now 
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exchanged between the two models. The last genetic operation is a mutation. 
The mutation is a random alternation of a bit. The condition of the procedure of 
mutation: if a value obtained by a random number generator is less than a certain 
threshold value, the mutation procedure is performed. The last basic step in GA is 
choice. Out of each pair we choose a model, which has smaller fitness function. 
Then we follow the procedures: the crossover, the mutation and the choice. This 
procedure is going on until we obtain the optimal model. 

In my research I solve the wave equation by the finite-difference method [3]. I 
create a uniform rectangular grid. If you know the value in rows m-1 and m, you 
will be able to find value in line m+1. Then you will be able to find value in line 
m+2 and so on. 

As a result I got the synthetic seismograms (Fig. 1), but each real seismogram 
always contains a noise component. Taking into account the physical nature of 

Fig. 1. The synthetic seismogram without noise.

Fig. 2. The synthetic seismogram with the value of the noise over signal ratio 1.
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the noise we can assume that it corresponds to the normal distribution. I set the 
value of the noise over signal ratio: 1, 0.5 and 0.75. Each track corresponds to a 
separate receiver (Fig. 2).

Fig. 3 is a plot of the objective function. We see one local and one global 
minimum. The global minimum corresponds to a real model. It means that the 
algorithm has found the right solution.

The main advantage of GA is that it makes possible to find the global minimum 
much faster than, for example, the Monte-Carlo method. We note that the local 
linearization methods can give only local minimum and they do not always lead 
to the global minimum. GA can be successfully used to estimate the parameters of 
seismic waves. It uses random search, but this leads to an optimum result. 

References
1. Holland J. Adaptation in Natural and Artificial Systems: An Introductory 
Analysis with Applications to Biology, Control and Artificial Intelligence. - MIT 
Press, 1992. -520 p.
2. Troyan V., Kiselev Ju. Statistical Methods of Geophysical Data Processing. 
World Scientific, New Jersey, London, Singapore, 2010. -436 p.
3. Kalitkin N.N. Chislennye metody [Numerical methods]. Moscow: Academy 
of Sciences Publisher, 1978. -512 p.

Fig. 3. The objective function.
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Let us consider a mathematical model of neuron system, which is presented as 
a chain of diffused connected and singularly perturbed nonlinear differential equa-
tions with a delay, which simulate a weak electric interaction of neurons:

  u d u u u f u t g u u j mj j j j j j j= − +( ) + − + −( )( ) − ( )  =+ −1 12 1 1 1λ α β , , ,  (1)

where
  m ≥ >> > > +2 1 0 1, , ,λ β α β  . 
The functions 

u u tj j= ( ) > 0
are membrane potentials of neurons. Edge values of membrane potentials are 
linked by equalities:

u u u um m0 1 1= = +, .
The smooth functions 

f u g u C( ) ∈ +, ( ) ( )2 
have entry conditions:
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In [1-3], by means of following substitutions:
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and  x is a solution of this equation:
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system (1) was transformed to the system of ordinary differential equations with 
impulsive influences:

 y d e e e e j my y y yj j j j. , ,= + − −( ) = −+ −− −1 1 1 1  (2)
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where the functions yj= yj(t) are connected with initial variables by means of ap-
proximate asymptotic equations yj≈ln uj+1– ln uj and define phase shifts between 
the components of system (1).

Let us consider a mapping:
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where
 ( ( ),..., ( ))y t y tm

T
1 1−

is a solution of system (2) with entry conditions
 y z y z Tm m1 1 1 1 00 0 1 1 1−( ) = −( ) = = + + + − −− −,..., ( ) / ( ). α β α β .

is the first approximation of stable cycle of single oscillator of system (1). In other 
words, to research stable cycles of system (1) it is adequate to research stable 
points of mapping (3).

In articles [1-3] there was proved a statement that exponential stable points of 
mapping (3) are satisfied the orbital asymptotic stable cycles of systems (1, 2). An 
asymptotic analysis of mapping (3) shows that it has at least n+1 stable points and 
zero point is stable for any values of d.

Let us research questions of existence, stability and asymptotic forms for 
relaxation periodic solutions of dynamic system due to a bifurcational analysis 
of mapping. Also the special attention is paid to the number of coexisting stable 
regimes in the cases of for one-, two- and three-dimensional mapping.

The research of mapping (3) was carried out by means of special software 
written in C++. All calculations are performed on a large number of independent 
streams. So the program uses the technology of parallel calculations OpenMP. To 
visualize data there was developed a special application using the framework Qt. 
Also there was wrote a script in Python to solve the problem of parsing data.
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As the result of numerical research there were found different stable regimes 
of dynamic system for different values of initial parameters. These results coincide 
with the results of theoretical asymptotic form. Also there were found the cases of 
coexistence of greater number of stable points, than it was got due to asymptotic 
methods. In the article [4] there were considered main reconstructions of phase 
portraits for the cases of 5 and 7 stable points for two-dimensional mapping (3). 
Schematic representation of phase portraits for these cases is illustrated below:
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Fig. 1. Phase portraits of mapping.
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One-dimensional microwave heating problem
In this paper we study the one-dimensional microwave heating problem. This 

problem is modelled by a coupled system of Maxwell’s equation and the heat 
equation [1-3] and can be presented as the following coupled hyperbolic-parabolic 
system

 ψ ψ σ θ ψtt xx t− + =( ) ,0    x ∈( , ),0 1  ,0>t    (1)

 ,)( 2
txxt ψθσθθ =−   x ∈( , ),0 1  ,0>t   (2)

with appropriate initial-boundary conditions
 ψ( ) ( ),0 1,t = f t  ψ( , ) ( ),1 2t f t=     ,0>t   (3)

 ,0),1(),0( == tt θθ     ,0>t  (4)

 ψ ψ( ) ( ),x x,0 0=  ψ ψt x x( , ) ( ),0 1=    x ∈( , ),0 1  (5)

 θ θ( , ) ( ),x x0 0=                                   .)1,0(∈x  (6)

Here ),( txψ  is the time integral of the nonzero component of the electric field, 
),( txθ  is the temperature at the point x  and time t , f t1( ),  )(2 tf  are external 

perturbations of the electric field. The electric conductivity )(θσ  depends on the 
temperature. Let us do the following assumptions:
(A1.1) )(zσ  is Lipschitz on ( )0, + ∞  with constant c1;
(A1.2) there exist constants ,0 10 σσ ≤<  such that 10 )( σσσ ≤≤ z  for 0>∀z ;
(A1.3) )(zσ  is monotone decreasing;
(A2) ψ0 0 1∈H 1( , );  ψ1 0 1∈L2 ( , );  θ0 3

2 0 1∈W ( , ),  00 ≥θ  a. e. on )0,1( ;
(A3.1) f t1( ),  )(2 tf  are from )(2 RC ;
(A3.2) ,'1f  ,'2f  ,''1f  ''2f  are bounded on R  with constant c;
(A3.1) f t1( ),  )(2 tf  are almost periodic functions.

The reason for using almost periodic functions at the boundary is the following 
theorem [4].
Theorem 1. Suppose that ),( RRCg b∈ . The function g  is almost periodic if and 
only if the set of shifts { ( ), }g s s R⋅ + ∈ is precompact.
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We look for a weak solution for problem (1) – (6) on any finite time interval, 
which satisfies certain integral equalities ([5]). We modify this definition of weak 
solution for the one-dimensional case.
Definition 1. For some 0>T  a pair of functions )),( ,),(( txtx θψ ∈H T H1 10 0 1( , ; ( , ))
×L T H2 ( , ; ( , ))0 0 11  is called a weak solution of problem (1) - (6) on ( )0,T  if

,0)0,()()()(
1

0
1

T

0

1

0

T

0

1

0

xdxxdxdtdxdt txxtt ∫∫ ∫∫ ∫ +=+ ζψζψθσζψζψ  )),1,0(;,0( 11 HTH∈∀ζ
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1

0
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0

1

0

2
T

0

1

0

xdxxdxdtdxdt txxt ∫∫ ∫∫ ∫ +=+− ξθξψθσξψξθ  )).1,0(;,0( 11 HTH∈∀ξ

The existence and uniqueness of a global weak solution in 3R  was established in 
[6]. We formulate an existence theorem, modified for the one-dimensional case.
Theorem 2. There exists a unique global weak solution )),( ,),(( txtx θψ  of 
problem (1) - (6) on ( )0,T  for any 0>T . Moreover, )),1,0(;(0, 1HTL∞∈ψ  
θ ∈ ×W T3

2 1 0 1 0, (( , ) ( , )) .
In order to reduce our problem to a system with homogeneous boundary condi-

tions we introduce the following new functions:

 

f x t f t x f t x
w x t x t f x t
v x t w xt

( , ) ( )( ) ( ) ,
( , ) ( , ) ( , ),
( , ) ( ,

= − +
= −
=

1 21
ψ

tt f x tt) ( , ),+

  (7)

where ],0()1,0(),( TQtx T ×=∈ . After some transformation we derive the new 
system of the first order:
 ,tt fvw −=   (8)

 v w vt xx− = −σ θ( ) ,  (9)

 θ θ σ θt xx v− = ( ) ,2  (10)

 ,0),1(),0( == twtw  (11)

 ,0),1(),0( == tt θθ  (12)

 w x w x( ) ( ),,0 0=  ),()0,( 1 xwxwt =   (13)

 ),()0,( 0 xx θθ =   (14)
where TQtx ∈),( . Instead of (A2) we assume that
(A2’) w H w L W0 1 0 3

20 1 0 1 0 1∈ ∈ ∈0
1 2( , ); ( , ); ( , ),θ  00 ≥θ  a. e. on )0,1( .

We need the continuous dependence of the weak solution on initial data to 
construct a cocycle to our problem in the next section.
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Theorem 3. The weak solution of problem (8) - (14) continuously depends on 
initial data ( ( ), ( ), ( ))w x w x x0 1 0θ .
Proof. To prove this result one considers a functional of the difference between 
two solutions and applies Gronwall’s lemma.

The notion and construction of a cocycle
The notion of a cocycle generalizes the notion of a dynamical system to the 

case of nonautonomous systems ([7]). Let us introduce some basic facts from the 
cocycle theory. Let ),( dQ  be a metric space, which is called base space.
Definition 2. A pair { } , ( , )τt

t R Q d∈( )  with QQt →:τ  is called a base flow if 
,0

Qdi=τ

,stst τττ =+   ,, Rst ∈∀

)(),( qQRqt tτ×∈

is a continuous mapping.
Let ),( ρM  be another metric space, which is called phase space.
Definition 3. A pair { ( , )} , ( , ),φ ρt

t R q Qq M⋅( )∈ ∈+
with MMqt →⋅ :),(ϕ  is called a 

cocycle over the base flow τ  if 
φ0 ( , ) ,q idM⋅ =  ,Qq∈∀

φ φ τ φt s t s sq q q+ ⋅ = ⋅( , ) ( ( ), ( , )),  ,Qq∈∀   ,, +∈∀ Rst

),(),,( uqMQRuqt tϕ××∈  
is a continuous mapping.

For brevity we denote a cocycle by ),( τϕ . We need the following definition 
of an absorbing set.

A bounded family Z Z q q Q= ∈{ ( )}  is called a global B-pullback absorbing set 
for the cocycle ),( τϕ  if for any Qq∈  and any bounded set MB ⊂  there exists 

),(~~ BqTT =  such that φ τt t q B Z q( ( ), ) ( ),− ⊂  Tt ~≥∀ .
The methods of the cocycle theory are applied bellow to investigate the limit 

behavior of solutions to a microwave heating problem.
System (8) - (14) can be written formally as

 )()( tFyByAy
td

d
=++  (15)

with corresponding initial-boundary conditions. Here the variable y , the linear 
part A , the nonlinear part B  and F  are given by
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We consider y  in system (15) on the Banach space
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Now we construct a cocycle for system (15). We take the closed hull H  of F  as 
a base space:
 .)}({ ⋅+== tFHQ  (17)
The base flow on Q  is defined by the shift operator

 τt F F t( ) ( ), = + ⋅ ,Rt ∈    (18)
where HF ∈~ . We extend the system of differential equations (15) by using arbitrary 

)(~ tF  from Q  at the right part of it. The vector version of theorem 1 can be applied to 
establish the compactness of the hull H. We define the mapping tϕ  for 0≥t  by
 ),,,(),~( 0~0 ysstyyF F

t +=ϕ    (19)

where ),,( 0~ ystyF  is the unique solution to the Cauchy problem for the extended 
system with F

~
 and initial conditions =),,( 0~ yssyF ),,( 0100 θwwy = , where 0≥s . It 

is easy to check that cocycle properties hold. So we proved the existence of a cocycle 
for the one-dimensional microwave heating problem written as system (15):
Theorem 4. System (15) generates the cocycle ),( τϕ  given by (18), (19).

Limit behavior of solutions
To investigate the limit behavior of solutions of system (15) we introduce the no-

tion of a B-pullback attractor. Let ),( τϕ  be a cocycle in the sense of definition 3.
Definition 5. A family of nonempty compact sets QqqAA ∈= }{~  of M  is called a 
B-pullback attractor for ϕ  with respect to τ  if 

1) ,),( )(qq
t

tAAq
τ

ϕ =  ,Qq∈∀  0≥t  (ϕ -invariance),
2) lim ( ( ( ), ), ) ,

t H
t t

qd q B A
→+∞

− =φ τ 0  Qq∈∀ , 

for any bounded set MB ⊂ .
Here Hd  is the Hausdorff semidistance. 

The final result of this paper is the following theorem.
Theorem 5. The cocycle ),( τϕ  generated by problem (8) – (14), written as system 
(15), has a global B-pullback attractor.
Proof. In the proof we use the Lyapunov function 

Φ( , , ) ( )w v w wv vxθ β γθ= + + +∫  
2 2 2

0

1

2  
with certain parameters 0, >γβ  for any solution ),,( θvw  of problem (8) - (14), the 
apriory estimate c

L
≤∞θ  and the Cauchy-Schwarz inequality. We derive the uni-

form boundedness of solutions for 0≥t . Thus, the cocycle ),( τϕ  has a B-pullback 
absorbing set. Now we apply the following Kloeden-Schmalfuss theorem to finish 
the proof of the existence of a B-pullback attractor for our problem.
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Theorem 6 [7]. Suppose that the cocycle ),( τϕ  has a compact B-pullback absorbing 
set  { ( )}Z q q Q∈ . Then ),( τϕ  has a unique global B-pullback attractor QqqAA ∈= }{~

, where A q Z qq t R s t s R

s s s= ∩ ∪
∈ ≥ ∈

− −

+ +,
( ( ), ( ( ))),φ τ τ    .Qq∈∀  
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Intoduction
In this paper we state some upper bounds of the Hausdorff dimension of in-

variant sets of dynamical systems. First we give Ladyzhenskaya’s theorem and 
a generalization of Ladyzhenskaya’s theorem by Chueshov and Lasiecka for the 
metric space. Then we formulate the generalization of Ladyzhenskaya’s theorem 
for manifold case.

In the present paper we provide some basic concept of the theory of a 
Riemannian manifold [1]. We introduce following constructions: the chart and the 
atlas, a Riemannian metric, the scalar product and the norm on T Mu .  We present 
the basic facts of dimension theory, define the outer measure and the Hausdorff 
dimension. We provide Ladyzhenskaya’s theorem ([2]) and a theorem of Chueshov 
and Lasiecka ([3]). This theorems needed to formulate the main result, i.e. a gen-
eralization of Ladyzhenskaya's theorem about fractal dimension for dynamical 
systems on Riemannian manifold.

Riemannian manifolds
Let H be a Hilbert space and M be a set. A chart on M is a bijection 

x D x M R x M: ( )( ) ⊂ → ⊂ , where R(x) is open.
An atlas of class C k(k≥0) on M is a set A of charts such that: 

(AT1) D x M
x A∈

( ) =


(AT2) x D x D y( ) ( )( )


 is open in H for arbitrary x y A, ∈ :
(AT3) The map y x x D x D y y D x D y

 

− ( ) ( ) → ( ) ( )1 : ( ) ( )
is of class C k(k≥0)for each x y A, ∈ :

A pair (M, A) where M is the set and A is the C k – atlas on M, is called 
C k – manifold.

Let ( , )M g  be a Riemannian manifold over the Hilbert space H, i.e. M is a 
Riemannian manifold of class C k(k≥2) on the Hilbert space H as a coordinate 
space.

A Riemannian metric of class C k-1  can be defined on the manifold M if at any 
point u M∈  and any chart x around u there is given a positive definite symmetric 
operator G u H Hx ( ) →:  with the following properties:
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(RM1) The map G D x Hx : ( )( ) → , given by u D x G u Hx∈ ( )→ ( )∈( ) , is a 
map of class C k-1 for any chart x;
(RM2) Let x and y  be any two charts around u M∈ , then 

 y x x u G u y x x u G uy x 

− −( ) ( )( )



 ( ) ( ) ( )( )




=1 1' * '

( )  (1)

where A* is the adjoint operator for A H ∈ ( )  and ⋅( ) '  denote the derivative of 
the map.

The differential of ϕ at u U∈  is the linear map d T T Mu u uφ φ: ( )→ , given by 
 d u x u x x x x uuφ ξ φ φ ξ, ,� [ , , ]

'[ ]( ) = ( ) ( ) ( )( )−
 

 

1  (2)
where x x,   are charts around u and φ( )u , respectively and ξ∈H  is arbitrary. 
The map is assumed to be uniformly differentiable in the sense of Fréchet on the 
compact set K.

Definition 1 Let ( , )M G  be a Riemannian C k –manifold over the Hilbert space 
H and T Mu  is the tangent space of M at u M∈ . The scalar product is given by 
 < [ ] [ ] ≥ ( )( ) ∀ ∈u x v x G u Hx, , , , , , , ,ξ η ξ η ξ η  (3)
where ( , )⋅ ⋅  is the scalar product in the Hilbert space and x is a chart around u.

Definition 2 Let ( , )M G  be a Riemannian C k –manifold over the Hilbert space 
H and T Mu  is the tangent space of M at u M∈ , the norm on T Mu is given by 

  u x G u Hx, , ( , ) , �ξ ξ ξ ξ[ ] = ( ) ∀ ∈
1
2  (4)

where x is a chart around u.
Definition 3 a) A topological space is called regular if any open neighborhood 

of a point containes also a closed neighborhood.
b) The regular connected H–manifold of class C k(k≥2) with the Riemannian 

metric G of class C k-1  is called Riemannian manifold of class C k  over the Hilbert 
space and denoted by ( , )M G .

Let ( , )M G  be a Riemannian C k – manifold over the Hilbert space H. Suppose 
that σ : ,a b M[ ]→  is a continuous curve with σ |( , )a b C∈ 1 . Then  

l t dt
a

b

σ σ( ) = ∫ 

 ( )

is  the length of σ.
A piecewise C1– curve on M is a continuous map σ : ,a b M[ ]→   for 

which there exists a finite number of points a t t t bm= < <…< =1 2  such that 
σ t ti i

i m, ( , , )
+( ) = … −
1

1 1  is C 1.
The length of this piecewise C 1 -curve σ is

 l l
i

m

t ti i
σ σ( ) = ( )

=

−

( )∑ +
1

1

1, .  (5)

Denote for arbitrary points u v M, ∈  by Cu
v  the set of all piecewise C 1 –curves 

from u to v.
Theorem 1 [1] For any points u v M, ∈   we have Cu

v ≠ ∅.
Definition 4 Let ( , )M G  be a C k  Riemannian manifold over the Hilbert space 

H. The function ρ : M M× →  given by
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 ρ σ
σ

u v l
Cu

v
, inf ,( ) = ( )

∈
 (6)

where l(σ) is the length of a piecewise C 1 –curve σ from u to v, is called geodesic 
distance on M. 

Theorem 2 [1] a) The geodesic distance ρ is a metric on the manifold M. 
b) The topology τρ, generated by ρ, coincides with the canonical topology 

τcan.
Fractal and Hausdorff dimensions

Let ( , )M G   be a Riemannian manifold over the Hilbert space H and K M⊂  
be a compact subset.

For arbitrary real numbers ε>0 and d≥0 we consider the d-dimensional 
Hausdorff outer premeasure at level ε  of K given by
 µ εH

i
i
dK d r, , inf( ) = ∑  (7)

where the infimum is taken over all countable covers of K by balls
  B u v M u v rr i i ii

( ) = ∈ ( ) ≤{ |ρ , }  
 
of radius ri ≤ ε  and u Mi ∈ .  For fixed d and K the function µ εH K d, ,( )  is mono-
tone decreasing.

Hence the limit
 µ µ ε

εH HK d K d, lim , ,( ) = ( )
→ +0 0

 (8)

exists and is called d-dimensional Hausdorff outer measure of K.
For every compact set K M⊂  there exists a critical number d* with

 µH K d
for any d d

for any d d
,

*

*( ) =
∞ ≤ <

>







0
0

 (9)

This critical number can be characterized as 

 d d K d* sup , }= ≤ ( ) = ∞{ |0µ  (10)
It is called  Hausdorff dimension of K and denoted by dimH K( ) .
Let (M,G) be a Riemannian manifold over the Hilbert space H and K M⊂   be 

a compact subset. For a given number ε>0 let Nε(K) denote the smallest number 
of balls of radius ε needed to cover K.

Then the upper limit 

 dimF K
N K( ) =
−→

limsup
ln ( )

lnε

ε

ε0
 (11)

is called  fractal dimension of the set K. 
Remark 1 For the compact set K M⊂  the following inequality is satisfied 

 dim dimH FK K( ) ≤ ( )  (12)
Theorem 3 (Ladyzhenskaya [2]) 
Suppose K is a compact set in the Hilbert space H and φ φ: ( )K K→  is a 

continuous map with K K⊂ φ( ) and such that 
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φ φ η η

π φ φ η η η

y l y

y q y y Hn

( ) − ≤ −

−( ) ( ) − ( ) ≤ − ∀ ∈

( )

,1Here l q≥ ≤ ≤0 0 1,  are constants, πn is the orthoprojector in H on a subspace 
of dimension n.

Then dimF K n v l
q q

( ) ≤
− +











−

ln ln2
1

2
1

2 2

2 2

1

 (v is an absolute constant).

A generalisation of Ladyzhenskaya’s theorem
The following theorem is generalization Ladyzhenskaya’s theorem for the 

metric space.
Theorem 4 (Chueshov and Lasiecka [3]) 
Let X ,ρ( )  be a complete metric space and K be a bounded closed set in X. 

Assume that there exists a mapping φ : K X→  such that :
(i) K K⊂ φ( ) ;
(ii) there exist a compact pseudometric ρ  on K and a number 0 1< <  such 

that
 ρ φ φ ρ ρu v u v u v u v K( ) − ( )( ) ≤ ( ) + ( ) ∀ ∈ , , , ,  (13)

Then K is a compact set in X with the fractal dimension dimF K( )  estimated by

 dimF K C M( ) ≤
+







( )
−

ln limsup ; ,1 1

δ
ε δερ 

 (14)

for every δ∈ −( , )0 1  , where C M r
ρ ε( ; , )  is the local ( , , )r ε ρ  -capacity of the 

set K given by
 C M r m B B K diamB r

 ρ ρε ε; , sup{ln , : , }( ) = ( ) ⊂ ≤ 2  (15)
Let (M,G) be a Riemannian Ck-manifold over the Hilbert space H and K be a 

compact subset in M. Suppose that there exists a continuous map φ φ: ( )K K→  
with K K⊂ φ( ) . We want to proof that there exists a number 0 1< <  and a 
pseudometric ρ  such that 
 ρ φ φ ρ ρu v u v u v u v K( ) − ( )( ) ≤ ( ) + ( ) ∀ ∈ , , , ,  (16)

Here 
 

ρ σ σ

σ

σ σ

σ

u v l dt

G t

C C
a

b

C
a

b

x

u
v

u
v

u
v

,( ) = ( ) = =

= < ( )(

∈ ∈

∈

∫

∫

inf inf

inf

 



))( ) ( ) ( ) ( ) >⋅ ⋅x t x t dt σ σ, /1 2

 (17)

is the metric on M
At any point u M∈  and any chart x around u there is given a nonnegative 

symmetric operator G H Hx : →  with the following properties:
(RM1) The map G D x Hx : ( )( ) →  , given by u D x G Hx∈ ( ) → ∈ ( ) , is a 

map of class Ck-1 for any chart x;
(RM2) Let x and y be any two charts around u M∈ , then 

 y x x u G u y x x u G uy x 

 

− −( ) ( )( )



 ( ) ( ) ( )( )




= ( )1 1' * '

 (18)

where A* is the adjoint operator for A H∈( )  and ⋅( ) '  denotes the derivative of 
the map.
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Let (M,G) be a Riemannian Ck -manifold over the Hilbert space H and T Mu  is 
the tangent space of M at u M∈ , The norm on T Mu  is given by 
  





u x G u HG x, , ( , ) ,ξ ξ ξ ξ[ ] = ( ) ∀ ∈
1
2  (4)

where x is a chart around u.
Now we can write 

 








 



ρ σ σ
σ σ

σ

u v l dt

G

C C
a

b

G

C
a

b

x

u
v

u
v

u
v

,( ) = ( ) = =

= <

∈ ∈

∈

∫

∫

inf inf

inf σσ σ σt x t x t dt( )( )( ) ⋅ ( ) ( ) ⋅ ( ) > , /1 2

 (19)

which is a pseudometric on M.
The following theorem can be proof using theorem of Chueshov.

Theorem 5 Let (M,G) be a Riemannian Ck-manifold over the Hilbert space 
H and suppose K is a compact subset in M with K K⊂ φ( ) . Suppose that there 
exists a pseudometric G  and a number 0 1< <  such that for any chart x from 
M we have 

 

ρ φ φ σ

σ

σ

σ

φ
φ

φ
φ

u v l

G t

C

C a

b

x

u
v

u
v

( ) ( )( ) = ( ) =

< ( )(=

∈

∈

( )
( )

( )
( ) ∫

, inf

inf ))( ) ⋅ ( ) ( ) ⋅ ( ) > ≤

≤ < ( )( )( ) ⋅ ( )
∈ ∫

x t x t dt

G t x t
C

a

b

x
u
v

 



σ σ

σ σ
σ

,
1
2

 inf ,,

,

x t dt

G t x t x t
C

a

b

x
u
v



 



σ

σ σ σ
σ

( ) ⋅ ( ) > +

+ < ( )( )( ) ⋅ ( ) ( ) ⋅ ( )
∈ ∫

1
2

inf >>
1
2 dt

 (20)

Then dimF K( )  is finite.
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Introduction
We investigate a class of double-nonlinear evolutionary systems. These are 

systems where a part of the time derivatives of the solutions is not explicitly given 
but defined by a nonlinear operator. For such systems we prove the boundedness 
of weak solutions. We also consider the two-phase microwave heating problem 
which can be interpreted as double-nonlinear system [1]. For this problem the 
boundedness of solutions was also proved.

Double-nonlinear evolutionary systems
Suppose that Y1,j and Y2,j, j=1,0,-1 are real Hilbert spaces with (·,·)i,j and 

||   ||i,j as scalar products and a norms, respectively. Consider dense and continu-
ous embeddings Y 1,1⊂Y 1,0⊂Y 1,−1 and Y 2,1⊂Y 2,0⊂Y 2,−1 . Embeddings of 
such a type are called rigged Hilbert space structure with respect to Y1,0 and Y2,0, 
respectively.
Consider the following system

 d
dt y1=A1 y1+B1(g1( z1)+g2( z1, z2)) , z1=C1 y1,  (1)

 
d
dt (B2 y2)=A2 y2+B2 ϕ 2( z1, z2) , z 2=C 2 y2,  (2)

 y1(0)= y01, y2(0)= y02,   (3)

where yi∈Y i ,1 , Ai :Y i ,1→Y i ,−1 , Bi :Ξ i→Y i ,−1 ,Ci :Y i ,1→Z i are linear 
bounded operators, B2 :Y 2,1→Y 2,1  is a nonlinear operator, 
g1: Z 1→Ξ 1, g2 : Z1×Z 2→Ξ 1, ϕ 2: Z1×Z 2→Ξ 2 are also nonlinear opera-

tors, Ξi  and Zi , i=1,2 are some Hilbert spaces. Equations of the type (1)-(3) with 
two nonlinearities as described above are called double-nonlinear evolutionary 
systems.

Let us define the spaces
Y 1=Y 1,1×Y 2,1 , Y 0=Y 1,0×Y 2,0 ,Y−1=Y 1,−1×Y 2,−1

with scalar products
(( y1 , w1) ,( y2 ,w2)) j=( y1 , y2)1, j+(w1 ,w2)2, j , j=1,0,−1

and corresponding norms. 
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If −∞≤T 1<T 2≤+∞  are two arbitrary numbers, we define the norm for 
Bochner measurable functions in L2(T 1, T 2 ;Y j) , j=1,0,−1  by 

 
∥y∥2, j=(∫T 1

T 2∥y(t )∥j
2 dt )

1 /2 .

Let W (T 1,T 2) denote the space of functions y such that y∈L2(T 1, T 2 ;Y 1) and 
ẏ∈L2(T 1, T 2 ;Y−1)equipped with the norm 

∥y∥W (T 1, T 2)
=(∥y∥2,1

2 +∥ẏ∥2,−1
2 )1 /2

.

Let
 A :=(A1 , A2): Y 1→Y−1, B :=(B1, B2) :Ξ 1×Ξ 2→Y−1

and C :=(C1, C2):Y 1→Z1×Z2

be linear operators, B :=( I , B2):Y 1→Y 2

is a nonlinear operator and
 ϕ̂ (. , .):=(g1(.)+g2(. , .) , ϕ 2( . , .)) : Z1×Z2 →Ξ 1×Ξ 2

are also some nonlinear operators.
Then system (1) – (3) can be written as

  
d
dt (B y)=Ay+B ϕ̂ (z) , z=C y ,   (4)

  y(0)= y0 , (5)
where y=( y1, y2) , z=( z1, z2) , y0=( y01, y02) .

The variational interpretation of (4)-(5) is given by

 ( d
dt B ( y (t))−A y( t)−B ϕ̂ ( z (t)) ,η−y (t ))

−1
=0,  (6)

 ∀ η∈V 1 , z (t )=C y( t) , y(0)= y0  (7)
A function y∈W (T 1, T 2)∩C (T 1, T 2 ;Y 0)  is said to be a solution of (4)-(5) 
on (T1; T2) if the equations (6)-(7) are satisfied. Such a function y satisfies equa-
tion (4) for t∈[T 1, T 2] .

Let us make additional assumptions.
(A1) Suppose that system (4)-(5) has a weak solution
y∈W (T 1, T 2)∩C (T 1, T 2 ;Y 0)

(A2) Z 1=Ξ 1=Ξ 2=ℝ

(A3) ∃ k1, k 2: k1<k 2
such that for the function

ϕ̃ 1(z 1 , t) :=g1( z1)+g2( z1 , z2(t))

where z2(t)=C2 y2(t) and y2(t) is a solution of (1)-(3) we have
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k1 z 1
2≤ϕ̃ ( z1 ,t ) z1≤k 2 z1

2 ,∀ z1∈ℝ , t≥0.
(A4) For the transfer function of system (1)

 χ 1( p)=C1(A1− p I Y 1,1
)−1 B1

and the associated Hermitian form
  

F ( ξ 1, y1):=R e [( ξ 1−k1 y1)(k 2 y1−ξ 1)]
the following frequency domain condition holds:
 R e(k1 χ 1(iω )+ I )' (k2 χ 1(iω )+ I )≥0,∀ω ∈ℝ .

(A5)

(A6)
Then the following theorem is true.
Theorem 1. If conditions (A1)-(A6) are satisfied then the solutions of system 

(1)-(3) are bounded.
The idea of proof.
Let us consider the Lyapunov functional:

V ( y1 , y2):=( y1 , P y1)1,1+(B2( y2) , B2( y2))2,1 ,
where P is an operator given by Likhtarnikov-Yakubovich frequency domain 
theorem [2].

Then we show that the inequality 

d
dt V ( y1(t ) , y2(t ))≤0

holds. That gives us the boundedness of solutions.
Two-phase microwave heating process

Consider the coupled system of Maxwell's equations and the heat transfer 
equation in one space dimension:
 w tt−wxx+σ (θ )wt=0,( x , t )∈QT ,  (8)

 b(θ )t−θ xx=σ (θ )wt
2 ,( x , t)∈QT ,  (9)

 w (0, t )=0, w (1, t)=0,θ x(0, t)=θ x (1, t )=0, t∈[0,T ] ,  (10)

 w (x ,0)=0,w t( x ,0)=w1(x) ,θ (x ,0)=θ 0( x) , x∈Ω ,  (11)

where T>0, Ω=(0,1) and QT = Ω х (0,T], θ is a temperature, σ(t) is electric conduc-
tivity, b(θ) is the enthalpy operator and has the form:

 b(Ɵ) =
θ −1 if θ <m ,

[m−1, m] if θ =m ,
θ if θ >m ,

 

where m is melting temperature.

k3>0:(B2(y2) , A2 y2)2,1 k3 y2 2,1
2 , y2 Y 2,1

k4>0 :(B2( y2) , B2 2(t , y2)) k4 y2 2,1
2 , y2 Y 2,1 , t 0
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Definition 1. The couple of functions (w ( x , t) ,θ ( x , t)) is called a weak so-
lution of system (4)-(7) on the interval [0,T], T>0 if w∈C 1(0,T ; H 0

1 (Ω ))
and the following integral equalities are satisfied:

∫0

T
∫0

1
[−w tΦ t+w xΦ x+σ (θ )wtΦ ]dxdt=¿

¿=∫0

1
w1( x)Φ ( x ,0)dx

∫0

T
∫0

1
[−b(θ )Ψ t+θ xΨ x−σ (θ )w t

2Ψ ]dx dt=¿

¿=∫0

1
b(θ 0(x))Ψ ( x ,0)dx

for all test functions Φ ∈L2(0,T ; H 0
1 (Ω ))∩C (0,T ; L2(Ω ))  and

Ψ ∈H 1(0,T ; H 1(Ω )) , 
such that Φ ( x ,T )=Ψ ( x ,T )=0,∀ x∈Ω .

Let us make the additional assumptions:
(A6) w1∈L2(Ω ) ,θ 0 is nonegative and θ 0∈L2(Ω ) .

(A7) ∃σ 0 ,σ 1>0 such that σ 0≤σ ( z)≤σ 1, z∈[0,∞] .

It was proved in [1], that under assumptions (A6), (A7) the system (8)-(11) has 
a global weak solution (w ( x , t) ,θ ( x , t))  for all initial data w1 ,θ 0 .

Let us make the last assumption. 
(A8) There exist numbers k5 >0, k6 >0 and k7 >0 such that

k5 z≤b(z )≤k6 z+k7 .
Then the following theorem holds.
Theorem 2. If conditions (A6) – (A8) are satisfied then weak solutions of 

system (8)-(11) are bounded.
The idea of proof.
Consider Lyapunov functional

V (w , v ,θ ) :=∫0

1
(wx

2+2λ w v+v2+a b2(θ ))dx ,
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where (w ( x , t) ,θ ( x , t))  is solution of (8)-(11) and v (x , t )=wt( x , t) .

Then we show that the inequality 
d
dt V (w (t ) , v (t ) ,θ (t ))≤0

holds. That gives us the boundedness of solutions.
The full proof of theorem is similar to the paper [3].
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Abstract
The 3-dimensional microwave heating problem consisting of Maxwell’s equa-

tions and the heat transfer equation is considered. We derive a week formulation 
for this heating problem using integral identities as it was done by H.-M. Yin [1]. 
The notion of stability on a finite time interval for this problem is provided. We 
derive sufficient conditions for the presence of this type of stability for the heat-
ing process.

1. Introduction
We consider the 3-dimensional microwave heating process given by the fol-

lowing initial-boundary problem for 𝑬(𝑥,𝑡),𝑯(𝑥,𝑡) and 𝜃(𝑥,𝑡): 
  
 E E Ht x t T+ ( ) = ∇× ∈ ∈σ θ , , ( , ),Ω 0  (1)

 H Et x t T+∇× = ∈ ∈0 0, , ( , ),Ω   (2)

 θ θ σ θt x t T− = ( ) ∈ ∈∆ ΩE 2 0, , ( , ),  (3)

 µ θ× ( ) = ( ) = ∈ ∈E x t x t x t T, , , , , ( , ),0 0 0Γ  (4)

 θ θx t x x, , ,( ) = ( ) ∈0 Ω  (5)

 E E H Hx t x x t x x, , , , .( ) = ( ) ( ) = ( ) ∈0 0 Ω  (6)
where 𝑬 is the electic field, 𝑯 is the magnetic field, 𝜃  is the temperature, 𝜎 is 
the electric conductivity, 𝜇 is the outer normal; the functions 𝑬0,𝑯0 and 𝜃0 are 
given. Here 𝛺 is a bounded domain, Γ is the smooth boundary, (0,𝑇) is a given 
time interval.

Many problems in industry and medicine are described by this type of equa-
tions [2,3]. An important property of this problem is the stability of the process 
on a finite time interval [4].

The paper is organized as follows. In section 2 we give the weak formulation 
of the heating problem. In section 3 we introduce the definition of stability on a 
finite time interval. Using a Lyapunov functional a general theorem about stability 
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on a finite time interval is formulated. For this 3-dimensional microwave heating 
probem such a Lyapunov functional is constructed in a certain function space.

2. Weak formulation of the 3-dimensional heating problem
Introduce the following assumptions:

  (𝐴1)   𝑬0(∙),𝑯0(∙)∈L2(𝛺); 
   (𝐴2)  𝑎) 𝜃0(∙)∈L2(𝛺), 𝜃0(∙)≥0;  
           𝑏)  There exists such a constant 𝜎1>0 such that 
                  0≤𝜎(𝜃)≤𝜎1 for all 𝜃∈(0; ∞) ;
    𝜎 is uniformly Lipschitz continuous for all 𝜃∈(0; ∞).
Definition 1. A triple of functions (𝑬(𝑥,𝑡),𝑯(𝑥,𝑡),𝜃(𝑥,𝑡)) is called a weak solution 
[1] of the problem (1)-(6) if

E H, , ; , � , ; ( ),∈ ( )( ) ∈ ( )∞L L L0 02 3
0
1T T Wq qΩ Ωθ

for some q∈ ( , )1 5
4

 and the following relations are satisfied:

0

0
0 0

T

t

T

dxdt

dxdt x x dx

∫∫

∫∫ ∫

− ⋅ + ⋅ =

= ⋅ ∇× + ⋅

[ ]

[ ( )] ( ) ( , )

E E

H E

ψ σ ψ

ψ ψ

Ω

Ω Ω

,,

[ ( )] ( ) ( , ) ,

[

0
0

0

0
T

t

T

t

dxdt x x dx∫∫ ∫

∫∫

− ⋅ + ⋅ ∇× = ⋅

− ⋅ +∇

Ω Ω

Ω

H E Hγ γ γ

θ ϕ θ⋅⋅∇ =

= +∫∫ ∫

ϕ

σ ϕ θ ϕ

dxdt

dxdt x x dx
T

0

2
0 0

Ω Ω

( ) ( ) ( , ) ,E

for any test functions ψ γ ϕ, ( , , ( )), , �∈ ∈ [ ]×( )∞H T H C T1 1
00 0Ω Ω  with the ad-

ditional properties ψ ϕ γx T x T x T, � , ,( ) = ( ) = ( ) = 0 on Ω .
As it was shown in [1] under the assumptions (A1) and (A2) for any 𝑇>0  such a 
weak solution exists.

3. Stability on the finite time interval
Introduce the following function spaces:
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Let us consider the problem (1)-(6). Define the function space for this system

Y H rot H rot H div H= × ×∩0 0 0
10( , ) ( , ) ( , ) ( )Ω Ω Ω Ω

with the norm for (𝑬,𝑯,𝜃) ∈𝑌 
 || ( , , ) || || || || || || ||E H E Hθ θY
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 (7)

Let us consider according to the solution (𝑬(∙,𝑡),𝑯(∙,𝑡),𝜃(∙,𝑡))∈𝑌  of the problem 
(1)-(6) for 𝑡∈[𝑡0,𝑡0+𝑇′)⊂(0,𝑇)  the function

y t y t t y t t t( ) = ( ) = ⋅( ) ⋅( ) ⋅( )( ), , , , , , ,0 0 E H θ
in the space Y with the norm (7), where 𝑦(𝑡0)=𝑦0 .
Here we consider an arbitrary 𝑡0≥0  instead of the initial time 0.
Definition 2. Let 0<𝛼≤𝛽, 𝑡0>0,𝑇′≥0, [𝑡0,𝑡0+𝑇′)⊂(0,𝑇) are arbitrary. The sys-
tem (1)-(6) is (𝛼,𝛽,𝑡0,𝑇′,||∙||𝑌)-stable, if for every solution 𝑦(𝑡)  from condition 
||𝑦(𝑡0)||𝑌<𝛼 it follows that ||𝑦(𝑡0)||𝑌<𝛽 for all 𝑡∈[𝑡0,𝑡0+𝑇′).
A similar definition of stability on the finite time interval for ODE’s is 
given in [5].
The next theorem [6] gives sufficient conditions for stability on a finite time interval 
using Lyapunov functionals in a given function space.
Theorem 1.
Suppose that 𝐽≔[𝑡0,𝑡0+𝑇′)⊂(0,𝑇) is the time interval, 0<𝛼≤𝛽 are positive con-
stants, 𝑌 is the space given by (6), and there exists a functional Φ:𝑌→𝑅  and an 
integrable function g:𝐽→𝑅 , such that the following conditions are satisfied:

(i) d
dt

y t g tΦ ( )( ) < ( )  (8)

for a.e. 𝑡∈𝐽, and arbitrary functions 𝑦 (∙)∈(L∞(0,𝑇; L2(𝛺)3))2×L𝑞(0,𝑇; 𝑊0
1,𝑞(𝛺)), 
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min max

: :
Φ Φy y  (9)

for any  𝑠,𝑡∈𝐽,𝑠<𝑡.
Then the problem (1)-(6) is (𝛼,𝛽,𝑡0,𝑇′,||∙||)-stable.
In the next theorem we formulate the main result of this paper.

Theorem 2.
Consider for (𝑬,𝑯,𝜃)∈𝑌, 𝑬=(𝐸1,𝐸2,𝐸3), 𝐇= (𝐻1,𝐻2,𝐻3) the Lyapunov functional
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 g t C t T( ) ≡ − ∈
2

0α, [ , )'  (11)
with

C C C: { , , }= min 1 2 3δ
with

 C C C1 2 3
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κ

δ
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, 

𝜅, 𝜖 and 𝛿 are the parameters such that the conditions 𝐶2>0 and 𝐶3>0 are satisfied, 
𝜎1 from (𝐴2), 𝛼 is the parameter from definition 2. Then Φ(𝑦)  and g(𝑡) satisfy 
the conditions of Theorem 1 with 𝑡0=0. The latter what will provide the finite time 
stability for the problem (1)-(6). 
Proof (Sketch).
Let be 𝑬(𝑥)∈𝐻0(𝑟𝑜𝑡,𝛺),𝑯(𝑥)∈𝐻(𝑟𝑜𝑡,𝛺)∩𝐻0(𝑑𝑖𝑣0,𝛺). Using the standard 
Hodge orthogonal decomposition [7] we can write

H = ∇ + +∇×q h w1 ,
where q H h w H H div H div∈ ( ) ∈ ( ) ∈ ( )∩ ∩1

1 1
1 3

0 0 0Ω Ω Ω Ω Ω, , ( ) ) ( , )) ,H ,
From the properties of 𝑯 we get that ∇q=0  and ℎ1=0 . Then we have

H = ∇×w .
Introduce the orthogonal decomposition of E

E = −∇ +p B,
where p H H div∈ ∈ ( )0

1 0( ), ,Ω ΩB .
From this and equation (2) we get

 0 = +∇× = ∇× −∇ +H Et tw( )p B .
From this after some transformations we can get that

|| || || || || || || ||E 2 2 2
2

2= ∇ + +p w ht ,
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Differentiate the functional Φ(𝑦) with respect to 𝑡:
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Using this representation and the assumption 𝑎<0 , we get d
dt

y tΦ ( )( ) < 0 .
Let us consider the functional

G y t a E w dx( ) (| | | | )( ) = + + − ⋅∫
Ω

E H2 2 2θ δ ,
where 𝛿>0 .
For this functional we can get 
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1
2
Φ y t G y t( )( ) ≤ ( )( )

and d
dt

G y t C y t( )( ) ≤ − ( )( )Φ ,

where 𝐶=min {1,𝐶2,𝐶3}  and 
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κ
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σ
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,
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From this we can choose the function

g t C( ) ≡ −
2
α.

After some calculations it can be shown that for the functions Φ(𝑦) and g(𝑡) from 
(10) and (11) the relations (i) and (ii) from Theorem 1 are satisfied.
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Introduction
In present work we use colloidal CdSe/ZnS (Core/Shell) Quantum Dots (QDs), 

deposited on the surface of CdSe monocrystals and an array of GaAs nanowires 
(NWs). The morphology of the samples was studied by electron scanning micros-
copy. We investigated the photoluminescence of the samples at T = 293 K and 
different pressure. 

Semiconductor quantum dots AIIBVI (CdS, CdSe, CdTe) generate the tremendous 
interest in the field of physics, chemistry and engineering [1, 2]. They represent 

a class of quasi-zero-dimensional objects in which the quantum size effect on 
the energy spectrum arises due to the spatial limitation of the charge carriers and 
excitons in all three spatial dimensions.

At the centre of interest in А2В6 QDs are their optical properties: the high quan-
tum yield (QY) of photoluminescence (PL) and photostability, the wide absorption 
spectrum range and narrow band of the PL, the dependence of emission wavelength 
on the QD size (Fig. 3). In addition, the possibility of the existence of QDs in the 
form of colloidal solutions allows to introduce them on developed surfaces that 
extends the possibility of composite materials creation [1].

Methods of colloid chemistry of QDs synthesis extensively used today enable 
to receive nanocrystals with the size of 1-10 nm in organic solvents [1, 2]. To 

Fig. 1. GaAs NWs. Fig. 2.CdSe/ZnS QDs on an array of 
GaAs NWs.
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prevent aggregation of QDs are used surface-active substance - trioctylphosphine 
oxide (TOPO) (Fig. 4). 

 ZnS «shell», formed around CdSe «core» (Fig. 5) as a passivator of surface 
states and as localizer of electron-hole pairs in the nucleus increases significantly 
the QY of PL [1].

Experiment
Part 1. Recording the luminescence spectrum of CdSe/ZnS QDs on CdSe 

monocrystal surface at T≈293 K
The result is shown in Fig 6. We see two peaks: 593, 713 nm. The long-wave 

peak corresponds to luminescence of excitons in CdSe monocrystal and short-
wave peak to luminescence of QDs. From the graph of dependence of emission 
wavelength on the QDs size we can see that QDs size is about 4 nm. The distance 
between this peaks shows the change in the band gap in CdSe/ZnS nanocrystals 
(ΔEg≈0.35 eV)

Fig 3. The dependence of emission wavelength on the QD size.
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Fig. 4. QDs coated with TOPO. Fig. 5. CdSe/ZnS Core-Shell QD.



58

Part 2. Obtaining the character changes PL of CdSe/ZnS QDs on an array 
of GaAs NWs with time at atmospheric pressure and vacuum

The morphology of the samples was studied by electron scanning microscopy. 
The results are shown in Figs. 1, 2.

The emission wavelength is fixed at 593 nm, the spectrum is registered at 
atmospheric pressure. Then repeat the experiment in a vacuum. The results are 
shown in Fig. 7.

It is found that the peak intensity increases with time during illumination reach-
ing saturation through t≈400 sec. In a vacuum there is a decrease luminescence 
light with time. Both effects may be explained by the recharging of the surface 
states due to the adsorption/desorption H2O and O2 molecules.

                       550                   600                                                700                   750

Fig. 6. PL of CdSe/ZnS QDs on surface of CdSe monocrystal.
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Fig. 7. PL of CdSe/ZnS QDs on an array of GaAs NWs with time at atmospheric 
pressure and vacuum.
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Conclusions
The experiments have shown that CdSe QDs deposited on the surface of CdSe 

nanocrystals have emission (593 nm), that was previously known in the solution 
and when applied to the GaAs substrate [1]. In addition CdSe single crystals lu-
minescence is observed (713 nm). The distance between the peaks characterize 
the quantum-dimensional shift (ΔEg≈0.35 eV). A comparison with published data 
allowed to establish the size of the QDs (≈40 Å). It was found that the QDs lumi-
nescence intensity increases during irradiation and after t≈400 s reaches saturation. 
In a vacuum there is a decrease luminescence light with time. Impact of recharging 
the surface states due to the adsorption/desorption H2O and O2 molecules on the 
PL kinetics of QDs is discussed. The graphs are consistent with the assumptions. 
Work with the results will be continued in the future
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Introduction
Topological insulators  (TIs), realized in materials with strong spin-orbit interac-

tion, are gaining increasing attention in condensed matter physics. They are band 
insulators but have metallic gapless Dirac cone-like edge states that are protected 
by time-reversal symmetry. 

The conception of TIs can be realized experimentally in three-dimensional 
(3D)  and two-dimensional (2D) materials. One of the fundamental properties of 
the mobile electrons in the topological edge states is the spin–momentum locking 
that will be extremely useful in relation to possible applications in spintronics. 
Noteworthy, 2D TI can be advantageous over 3D TI in transport applications 
because in this case electrons can only move along two well-defined directions in 
the 1D metallic edges. 

An interesting system predicted to be in a 2D Quantum Spin Hall phase is a 
single-bilayer Bi (111) ultrathin film [1]. Indeed, the 2D topological properties of 
the Bi bilayer (Bi BL) have been confirmed very recently. Besides its topologi-
cal nature, single BL Bi (111) interfacing with 3D TI can result in the new Dirac 
cone in the bilayer due to a very strong Rashba-type spin–orbital interaction at the 
interface. This new Dirac cone can hybridize with the original 3D TI’s Dirac cone, 
which causes unique behavior in this 2D/3D TIs heterostructure. 

Experimental realization of ultrathin Bi (111) films on 3D TIs, however, turns 
out to be quite difficult. Bismuth can be grown epitaxially with several units of two 
atomic layers (bilayer (BL)). On most substrates such as Si or graphene, Bi tends to 
grow as Bi (110) in the ultrathin region and does not change to (111) direction before 
about 6 BLs. Nevertheless, recently a single bilayer film with (111) orientation 
was adsorbed on Bi2Te3 using method of molecular beam epitaxy. This is possible 
due to the circumstance that bismuth and Bi2Te3 are layered materials with similar 
crystal structure, and their lattice constants are nearly the same [2].

In this work, we used a different layered Bi-Te-Se 3D topological insulator with 
a fractional stoichiometry which is characterized by the bigest band gap in this 
class of materials and a single Dirac cone. We had found that the brief annealing 
of this 3D topological insulator leads to transformation of two surface quintuple 
layers (QLs) without changes in the bulk and formation of the Bi bilayer. Such a 
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system can be a new platform for realization of the 2D/3D topological insulators 
interface, 1D edge states formation and topological p-n junction. 

Results and Discussion
In order to investigate the changes of the surface layers’ structure of Bi2Te2.4Se0.6  

under anneal we had carried out the X-ray Photoelectron Spectroscopy (XPS) mea-
surements of core levels. Fig. 1 represents the XPS spectra of Bi 5d core level, taken 
at hv=200 eV before (a) and after anneal at 400 C°C (b). Spectrum of the pristine 
Bi2Te2.4Se0.6 Bi2Te24Se06 consists of two pronounced peaks 5d3/2s and 5d5/2, with 
the binding energies of ~24 and ~27 eV, in accordance with the previous studies 
of similar systems. After annealing at 400°C it is clearly seen that two more picks 
with chemical shift of ~1 eV to lower binding energies appeared, see Fig. 1b. It 
seems reasonable to conclude that bismuth can be found in two different chemical 
states in new phase of the sample. This changes can be explained by diffusion of 
low melting Se and Te that results in Bi-rich surface and according with the phase 
diagram, formation of the Bi bilayer. 

For studying of the Dirac cone modifications in the annealed Bi2Te2.4Se0.6 topo-
logical insulator we had performed   Angle Resolved Photoemission Spectroscopy 
experiments before and after anneal, see Fig. 2. Pristine system is characterized 
by pronounced topological surface states, forming a  Dirac cone, with the Dirac 
point position of 0.28 eV (Fig. 2a). According to the previous investigations, the 

Fig.1. XPS  Bi 5d spectra for the sample before (a) and after (b) anneal taken at 
the photon energy of 200 eV. 
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Fermi level is located at the bulk band gap. After anneal at 400°C, see Fig. 2b, the 
Dirac cone structure suffers a significantly perturbations. 

 As seen from the figure, the electronic structure of the annealed system is 
characterized by two types of electronic states. First, the Dirac cone-like states, 
dispersing from  the Dirac point at 0.62 eV at the Г point of Brillouin zone to Fermi 
level at k||=0.2 Ǻ-1. Second type is hole like states, with the binding energy (BE)of 
~0.1 eV at the Г point and dispersing to 0.6 eV at k||=0.4 Ǻ-1.

This behavior can also be explained by Te and Se evaporation under anneal, 
destroying of the Quintiple Layers structure at the surface and Bi bilayer forma-
tion. One can attribute the first state with Dirac cone-like structure to 1 QL of 
Bi-Te-Se, separated from bulk by Bi inclusions. Second hole-like state is related 
to Bi bilayer, in accordance with calculations of similar structure: Bi bilayer on 
the surface of Bi2Se3 [3]. As it was mentioned above, Bi bilayer is characterized 
by 2D topological phase. By combining the 3D and 2D TIs, a ballistic transport 

Fig. 2. Angle Resolved Photoemission Spectroscopy data for the Bi2 Te2.4 Se0.6 be-
fore annealing taken at the photon energy of 62 eV (a) in ГК direction, (c) – the 
second derivative of N(E),  and ARPES data of the sample after annealing (b) in 
ГК direction, where (d) is the second derivative.
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of 2D surface states mediated by 1D edge states 
may be possible, leading to a novel spin channel 
at the surface. Furthermore, bismuth hole states, 
which, combined with electronic states of 3D TI, 
makes possible the existence of the embedded p-n 
junction on the surface of the sample.

Additionally, for the detailed investigation 
of the electronic states dispersion relations, the 
full map in the k space was measured by means 
of ARPES (Fig. 3). It is seen that besides the BE 
shift after anneal, the Dirac cone-like state reveal 
a giant warping, resulted in the difference between 
Fermi velocities in ГК and ГМ directions. In GK 
direction it is quite high (3∙105 m/s) and at the 
same time in GM direction it is equal to zero be-
cause of absence of Fermi surface intersection.

In order to confirm the proposed mechanism 
of the surface layers transformation we had mea-
sured the morphology of the surface by means of 
Scanning Tunneling Microscopy (STM). STM im-
ages of pristine Bi2Te2.4Se0.6  show the large terraces. 
At the borders of the terraces the steps between QLs can be found (Fig. 4a). It is clearly 
seen by profile, shown in Fig.4d that the steps have the altitude of ~9,5 Ǻ, what is in 
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Fig. 3. Full map of Dirac cone 
and Bi bilayer states in the k 
space measured by means of 
ARPES taken at the photon en-
ergy of 17 eV.

Fig. 4. Scanning tunneling microscopy of the Bi2Te2.4Se0.6 before (a) and after (b, c) 
annealing at 400 °C, (d) – profile taken on the surface before annealing and (f) – 
profile taken on the surface that shown on image (c) after annealing. STM images 
of wide area after annealing, (e) - diagram showing the process of destruction of 
the upper QLs and classification of obtained types of surfaces. 
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C°400 C the surface layers exhibits a deleting of the Te and Se atoms.s  Initial 
surface layers of a thickness of 9,5 Ǻ becomes to a system of two-dimensional 
structures, and one of them is a bilayer of bismuth. In previous researches the 
thickness of BL was estimated as 4-5 angstroms, this is in agreement with our 
STM data [4]. 

Conclusions
In conclusion, we found that a single-bilayer Bi(111) ultrathin film can be 

experimentally realized in 3D TI BiTeSe by brief anneal. Furthermore, we found 
that the present system is an appropriate one to study the 2D TI’s edge states as 
well as to explore the intriguing phenomena associated with the coexistence of 
2D and 3D TI’s states. 

ARPES, XPS and STM measurements were carried out at the Resource Center 
“Physical Methods of Surface Investigation” of Research Park of Saint Petersburg 
State University and synchrotron radiation center BESSY II. 

Several tungsten tips for STM were examined with the scanning electron mi-
croscope (SEM) and then a sharp tip was selected and prepared with a focused ion 
beam (FIB) at the Interdisciplinary Center for Nanotechnology of Research Park 
of Saint Petersburg State University.
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Features of electronic structure and chemical bonding in 3d transition metal 
porphyrins (3d-MPs) are of great practical interest owing to wide use of these 
compounds in many technologies and their crucial role in a number of biochemical 
applications [1]. Great variety of peculiar properties of the 3d-MPs is strongly deter-
mined by the partly filled 3d shell of central transition metal atoms. Consequently, 
it is evident that detailed investigation of the metal 3d-derived states is necessary 
for dipper understanding of the nature of these properties. Nowadays it is known 
that the central part of complexes (including central metal atom and its nearest 
neighbors) is essentially responsible for the unique properties of the transition MPs. 
Therefore the aim of the present work is to get new experimental knowledge of 
features of electronic structure and chemical bonding of nickel porphyrin NiP on 
the basis of comparison of its absorption and photoemission spectra with corre-
sponding spectra of reference compounds (Ni, NiF2, [Ni(CN)4]2-) with the different 
type of chemical bonding. For this purpose in this work we apply NEXAFS (Near-
Edge X-ray Absorption Fine Structure) spectroscopy at Ni 2p and N 1s absorption 
edges as well as core-level and valence-band (including resonant valence-band) 
photoemission (PE) spectroscopy. 

All measurements have been performed at the Russian-German beamline at 
the BESSY II [2] and the beamline D1011 in the MAX-lab [3]. Thin film of NiP 
was prepared in situ by thermal evaporation of porphyrin powder from a Knudsen 
cell and deposition of it onto Cu substrate. Pressure in preparation chamber during 
evaporation was about 5∙10-8 mbar. The metal sample was a nickel foil cleaned by 
scraping with a diamond file in vacuum. The samples of NiF2 and [Ni(CN)4]2- were 
prepared by rubbing the powder in a clean scratched copper plate. All absorption 
spectra were measured using total electron yield mode by detecting a sample 
current. The photon energy resolution at Ni 2p3/2 (~850 eV) and N 1s (~400 eV) 
absorption edges was about 550 meV and 180 meV, respectively. The photon en- The photon en-
ergy was calibrated using known energy positions of Au 4f7/2 photoemission line 
(84.0 eV) and the first narrow peak (683.9 eV) in the F 1s absorption spectrum 
of K2TiF6 [4]. The NEXAFS spectra were normalized to the incident photon flux, 
which was monitored by recording the photocurrent from a gold mesh placed at 
the outlet of the beamline. PE spectra were collected in angle-integrated mode 
using Phoibos 150 electron analyser and then normalized to photon flux and ring 
current. The total energy resolution for valence-band (VB) and resonant VB PE 



66

spectra at the N 1s and Ni 2p3/2 absorption edges was not more than 200 meV, 450 
meV and 750 meV, respectively. 

In Fig. 1 Ni 2p absorption spectrum of NiP 
is compared with corresponding spectra of ref-
erence nickel compounds with various types 
of chemical bonding: metal Ni (metallic), 
nickel difluoride NiF2 (ionic) and [Ni(CN)4]2- 
complex (covalent). NEXAFS of the spectra 
compared is composed of two components 
which are due to dipole-allowed transitions 
of Ni 2p3/2 and Ni 2p1/2 electrons to the same 
empty electronic states of compounds under 
consideration. The most intense and well-de-
fined Ni 2p3/2 spectrum is characterized by an 
intense low-energy absorption band A and less 
intense absorption structures B – D at higher 
photon energies. Numbers in parenthesis show 
relative absorption intensity of the continuum 
(at the photon energy of 885 eV).  There are 
considerable differences between spectra of Ni 
metal and Ni compounds: (i) main absorption 
band A for Ni metal is much broader than this 
for Ni compounds; (ii) there is a noticeable 

high-energy shift of resonance A compared to Ni metal (0.4 eV for NiF2, 1.3 eV 
for NiP and 3.3 eV for [Ni(CN)4]2-) and (iii) there is a decreasing character of rate 
of continuum absorption in going from Ni metal to [Ni(CN)4]2-. 

Analyzing the differences between spectra of Ni metal and Ni compounds we 
can conclude following. Firstly, pronounced high-energy shift of main resonance A 
is indicative that for NiP and [Ni(CN)4]2- there is a decrease in the effective number 
of electrons on Ni atom even compared to ionic NiF2. This effect is caused by strong 
covalent Ni 3d – ligand 2p bonding of the π-type, which leads to 3dπ-2pπ* charge 
transfer from Ni atom to ligand. Secondly, lesser width of band A and decreasing 
rate of continuum absorption in going from metal Ni to [Ni(CN)4]2- complex reveal 
that localization of excited states on the Ni atom is increasing in the Ni metal – 
NiF2 – NiP – [Ni(CN)4]2- series. 

Main features of NiP absorption spectrum can be described by means of quasi-
molecular approach. In that case central Ni atom is surrounded by four nitrogen 
atoms forming NiN4 quasi-molecule which possesses square-planar D4h symmetry. 
In such D4h field five degenerated Ni 3d atomic orbitals are split into eg(3dxz,yz), 
b2g(3dxy), a1g(3dz2) and b1g(3dx2-y2) molecular orbitals (MO) [5]. Thus Ni atom has 
an electronic configuration of Ni2+ ion [(eg)4(a1g)2(b2g)2(b1g)0]. Therefore main reso-
nance A in NiP spectra is attributed to the one possible Ni 2p3/2→3db1g electron 
transition. The presence of the high-energy structures B-D can be also understood 
in quasi-molecular approach. These structures occur due to the covalent mixing 

Fig. 1. High-resolution Ni 2p ab-
sorption spectra of Ni metal, NiF2, 
NiP and [Ni(CN)4]2-.
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between valence electrons of central Ni and nearest ligand nitrogen atoms within 
corresponding NiN4 quasi-molecule.

In Fig. 2 Ni 2p3/2 and N 1s absorption spectra of NiP are compared. The energy 
scales of the spectra were aligned 
using the difference between XPS 
binding energies of the core levels 
ΔE(Ni2p3/2-N1s)=456.6 eV. From 
that figure the correlation in energy 
positions of absorption bands B, 
C and D can be clearly seen for 
both spectra. Thus, analyzing 
corresponding spectra in quasi-
molecular approach it is reason-
able to assume that structures B, 
C and D are the same nature and 
reflect electron transitions to the 
empty Ni3d-N2p hybridized elec-
tronic states. On the other hand the 
most intense resonance A in the Ni 
2p3/2 spectrum has no its analogue 
in the N 1s spectrum. That points 
to the fact that the first empty b1g 
MO has an almost pure Ni 3dx2-y2 
character. 

VB PES of NiP excited by pho-
tons of various energies are shown 
in Fig. 3. Analyzing the series of 
PE spectra one can clearly see that profile of spectra significantly changes with 
changing of photons excitation energy. The most pronounced changes can be seen 
for bands a-d near the Fermi level. For bottom curve, which was acquired with 
photon energy hν=72 eV, relative intensities of bands c-f are dominant. Then, while 
photon energies is increasing from 72 to 170 eV, relative intensities of bands c–f 
go down as relative intensities of bands a and b grow.

First of all, it is obvious that bands near the Fermi level are determined by 
valence orbitals of atoms composing NiP molecule that is N 2p-, C 2p- and Ni 3d-
orbitals. To find out what exactly valence states are responsible for bands near the 
Fermi level we could apply to spectral distributions of atomic subshell photoioniza-
tion cross sections calculated for wide range of photon energies by Yeh and Lindau 
[6]. From that distributions one can see that for photon energies ranging from 72 
to 170 eV Ni 3d photoionization cross section changes from approximately 8 to 3 
Mb while N 2p and C 2p cross sections change faster from 5 to 0,1 Mb. Therefore 
we can state that bands a, b are mostly correspond to Ni 3d-orbitals and bands c-f 
are determined by N 2p and C 2p-orbitals sincerelative intensities of the former 
bands rise while intensities of the latter bands reduce. 

Fig. 2. Ni2p3/2 and N1s absorption spectra 
of NiP. The energy scales of the spectra are 
aligned using the difference between core levels 
ΔE(Ni2p3/2-N1s)=456.6 eV. Arrows and circles 
mark photon energies used for Res PES.
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Resonant PE spectra of NiP for various excitation energies in the vicinity of 
the Ni 2p3/2 and N 1s absorption edges (as marked by circles and arrows in Fig. 2) 

Fig. 3. NiP valence-band photoemission spectra for various excitation energies.

Fig. 4. ResPE spectra of NiP at Ni2p3/2 
edge.

Fig. 5. ResPE spectra of NiP at N1s 
edge.
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are shown in Fig. 4 and Fig. 5, respectively. The bottom curves in both figures cor-
respond to photon energies below the Ni 2p3/2 and N 1s excitations. Structures a-g 
in these spectra originate from Ni 3d, N 2p and C 2p states. Examining the series 
of PE spectra it is clear that some of PE signals are significantly enhanced while 
photon energy is scanned across absorption resonances. Moreover, normal (NA) 
and spectator (SA) Auger signals appear. The most drastic increase of intensity 
can be seen for bands a, b. This observation can be regarded as an evidence for 
a large contribution of the Ni 3d and N 2p states to the occupied electronic states 
near the Fermi level. 

In conclusion, using NEXAFS and valence-band PE spectroscopy it was shown 
that: (i) there is a considerable role of metal-to-ligand 3dπ-2pπ* charge transfer 
(π-back donation); (ii) the lowest unoccupied electronic state has almost pure Ni 
3d character; (iii) occupied electronic states near the Fermi level have a hybridized 
Ni 3d – N 2p character with a dominant contribution from Ni 3d atomic orbitals. 

This work was supported by the RFBR (Grant no.15-02-06369). 
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Introduction
Garnets on the basis of the yttrium aluminum garnet in which yttrium ions are 

substituted with rare earth elements, are well known laser crystals. They are also 
promising materials for other applications. Substituted garnets have pronounced 
anomalies of heat capacity at low temperature which can be treated within the 
framework of the Schottky model [1, 2]. The Schottky contribution to heat capacity 
arises due to transitions between low-energy levels and looks like a diffused peak 
on the background of thermal vibration contributions [3]. 

While properties of many mixed garnets are well studied, only little is known 
about their heat capacity at low temperature. Commonly, to treat qualitatively the 
Schottky anomalies, two lowest levels are taken into account. However, this is 
now enough to fit the experimental data [4]. 

Here we present results of heat capacity measurements on series of garnets 
with the general formula A3-xBxAl5O12 (where 0≤x≤3, A - Y or Ho, B - Er, Ho, or 
Tm). The temperature dependences of heat capacity are fitted using the complete 
set of energy levels of paramagnetic ions. 

Experiment and Samples 
Heat capacity measurements were carried out using an automated relaxation 

microcalorimeter platform of the Quantum Design PPMS system [5] in the tem-
perature range 1.9 to 300 К. 

The samples under study were: Er0.6Y2.4Al5O12, Er1Y2Al5O12, Er3Al5O12, 
Ho1Er2Al5O12, Ho1.5Y1.5Al5O12, Er2Tm1Al5O12, Er1Tm2Al5O12, Tm3Al5O12, and pure 
yttrium aluminum garnet. 

Results and Discussion
Results obtained for the mixed garnets are shown in Fig. 1 in the temperature 

range up to 12 K. 
Distinct peaks can be seen for the mixed garnets with Ho near 2.5 K. These 

peaks are Schottky anomalies due to several low energy levels of the Ho ions. At 
higher temperature, heat capacity can be fitted by a sum of the Debye and Einstein 
contributions. 

For the Er0.6Y2.4Al5O12, Er1Y2Al5O12, and Er3Al5O12 garnets one can see an in-
crease of heat capacity with decreasing temperature below 4 K. Similar increase 
at low temperature was observed for the Er2Tm1Al5O12 and Er1Tm2Al5O12 garnets, 
while no noticeable increase is seen for the Tm3Al5O12 crystal. This result shows 
that the rise of heat capacity below 4 K is caused by the Er ions. One can suggest 
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that the heat capacity rise is the Schottky anomaly because of splitting of the low 
degenerate energy level by magnetic spin coupling between the Er ions. 

The suggestion about the role of the Er ions in the increase of heat capacity 
below 4 K is confirmed by the regular dependence of the heat capacity on the 
garnet composition. 

Conclusions
1. Temperature dependences of heat capacity were obtained in the present study 

for the substituted garnets of composition Er0.6Y2.4Al5O12, Er1Y2Al5O12, Er3Al5O12, 
Ho1Er2Al5O12, Ho1.5Y1.5Al5O12, Er2Tm1Al5O12, Er1Tm2Al5O12, and Tm3Al5O12. 

2. The data obtained were used in the studies of the transport characteristics 
of the thermal phonons in series of garnet solid solutions related to heat capacity 
at low temperature [6]. 
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Introduction
Carbon dioxide (CO2) is one of the most relevant and abundant species in as-

trophysical and atmospheric media. In particular, crystal CO2 is present in several 
solar system bodies, as well as in interstellar and circumstellar ice mantles. 

In this work we study the changing of band υ3 and its dependence on the thick-
ness of crystal. For crystals where the thickness is less then wavelength we used a 
new theory that was helped us to calculate the thickness by relative intensity. The 
fine structure of υ3 band of the 13CO2 is explained with the resonance dipole-dipole 
approximation. 

Results and Discussion
Carbon dioxide crystal layers were obtained by deposition of gaseous CO2 

on a gold-plated copper mirror cooled to the temperature Tdep = 77 K. The mirror 
was attached to a Displex™ Cold Head model CH-202 second-stage heat station 
equipped with a Cryo-con Model 32 temperature controller. The temperature was 
measured with diode sensors. CO2 gas was fed from a tube directed on the mirror. 
The deposition rate was governed by a leak valve, and gas pressure before the valve 
was p = 50 – 500 mbar. The spectra were recorded with a Bruker 125HR Fourier-
spectrometer equipped with a Ge/KBr beam splitter and a LN-MCT detector with a 
resolution of 0.1 cm−1 in the 4500 – 600 cm−1 range. This allows recording spectral 
features with widths of about 0.5 cm−1 in 13CO2 absorption regions. 

In the IR spectra (Fig. 1), the υ3 band of 12CO2 has great relative intensity, 
because of the big integrated absorption coefficient of this band. The υ3 band of 
12CO2 has wide spectral range, which consist of LO (longitude) branch, TO (trans-
versal) branch and the broad absorption between them. This absorption between 
2382 and 2340 cm−1 is connected with transitions to the exciton LO–TO zone [2]. 
In ideal crystal light is absorbed only at υTO, the frequency of the transverse mode 
of a vibration exciton that is polarized perpendicular to its wave vector [3]. The 
υLO branch is appeared because of finitude and non-ideal crystal. In Fig. 1 we can 
see that with increasing of thickness of layer the peak of LO branch of υ3 band of 
12CO2 is shifted to the higher frequencies and relative intensity is decreasing. The 
peak of TO branch of υ3 band of 12CO2 is shifted to the lower frequencies and the 
contour become more complex. When the crystal is thick enough we can see two 
separated peaks that are belongs to the TO branch of υ3 band of 12CO2, we guess 
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that the minimum of the band (2343 cm-1) is the expression of reflection from the 
crystal surface.

The υ3 bands of 18O12C16O and 12CO2 are overlap. The peak of υ3 band of 
18O12C16O is on the 2332 cm-1, this band does not have a complex shape. The υ3 
band of 13CO2 has the complex contour that we discuss later. The spectra were 
interpreted with help [5].  

Fig. 1. The IR spectra of crystalline CO2 the υ3 band of 12CO2 and 13CO2 with two 
different thicknesses of the layers. The “dim 13CO2” means the two molecules 13CO2 
that interact between each other. 

When the thickness of the crystal is small compared with the wavelength of 
light, we can’t use the Beer-Lambert law for calculation of layer thickness. In that 
case, we used electric fields standing waves caused by the mirrored metal surface 
[6]. Assume, the radiation field strength is E=2E0sin(2πx/λ). The absorbance of 
light is related with the mean-square electric-field strength of the light [6] and the 
integral of the square values would be 
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where the ∫ ln
I
I
0  is taken on the band, A is integrated absorption coefficient of 

the band, c is concentration of the molecules. The different data of crystal width 
are collected in Table 1.
Table 1. Data of width layers of crystal CO2 at temperature 77 K calculated by 
Beer-Lambert law and by equation 1.

λ=2.77μ (3707.0 cm-1)
υ1+ 2υ2

λ=2.70μ (3599,5 cm-1)
υ1+ 2υ2

λ=4.38μ (2282.4 cm-1)
υ3

def, μ d, μ def, μ d, μ def, μ d, μ

0.7 1.2 0.8 1.2 0.5 1.4*
0.2 0.8 0.2 0.8 0.04 0.6**

*- means the black spectrum (Fig. 1), ** - means the red spectrum (Fig. 1).

Fig. 2. The lattice of CO2.
It is well-known [7] that the CO2 crystal has a face-centered cubic lattice. The 

elementary cell contains four molecules oriented along the four main cube diago-
nals (Fig. 2). The edge length of the unit cell a0 = 5.580 Å at T = 77 K [7]. For 
explanation the complex contour of the υ3 band of 13CO2, we used the resonance 
dipole-dipole interaction between two molecules 13CO2 from the first and second 
coordination spheres.

The energy of the dipole-dipole interaction between two molecules 13CO2 was 
calculated as 
 

3
0 ( ) ( )RW a f F n

R
θ =  

 
  (2)

where the R0=a0/√2̅  , R – distance between centers of gravity of molecules [8], a 
is the orientation-independent value of the matrix element measured in reciprocal 
centimeters:
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where the P’ is the first derivative dipole moment of vibration coordinates. For 
13CO2 of P’2 is 0.204 D2 for υ3 band [7], so the calculated value of parameter ‘a’ is 
about 8 cm-1. f(θ) is orientation factor
 f e e e ee eθ( ) = ( ) − ( )( )



1 2 1 23

     

, , , ;  (4)
e


is unit vector, that lies on the line that connected the centers of gravity of mol-
ecules, e e1 2

 

,  – the unit vectors of the dipole moments of the interaction molecules. 
F(n) is a factor accounting for the polarization of a medium:

 F n n
n

( ) = +









2 2
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where n is an electronic part of the refraction index. At Т = 77 К, n = 1.40 and 
F(n) = 0.89 [7].
The calculated values of W are given in Table 2.
Table 2. The calculated values of dipole-dipole interaction of two molecules of 
13CO2 in first and second coordination spheres. N – number of molecules.

I coordination sphere 
R/R0 N f(θ) W, cm-1, 

(12CО2)
W, cm-1, 
(13CО2)

1 12 0.333 2.55 2.48

II
coordination 

sphere

1 √2 6 0 0 0
2 √3 12 -1.00 -1.47 -1.43
3 √3 12 0.333 0.49 0.48
4 2 6 1.00 0.96 0.93
5 2 6 -1.00 -0.96 -0.93

As an example let us calculate the spectra in the ν3 region of a pair of molecules 
(0,0) and (1,1), Fig. 2.

In the zero approximation the wave functions of the system are products of 
eigen functions of separate molecules:

Ψ1
0 = <10|; Ψ2

0 = <01|; E1
0 = E2

0

The secular equation has form:

             
0

W
W
l

l
-

=
-                              

(6)

The solution of this equation is consist of two components: the symmetric 
(1/√2̅   (Ψ1

0+Ψ2
0)) and antisymmetric (1/√2̅  (Ψ1

0-Ψ2
0)) wave functions corresponded 

for high-frequency and low-frequency part of the doublet component, respec-
tively. 

The intensity of each doublet component is proportional to:
  I-(+) ~ <PX>2+<PY>2+<PZ>2.  (7)
If the dipole moment of the first molecule is P1=(1,1,1)(1/√3)P’3q3(1) and the dipole 
moment of the second molecule is P2= (-1,1,1)(1/√3)P’3q3(2), where the q3(1),q3(2)  – 
vibrational coordinates of the molecules (00) and (11), respectively. 
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The dipole moment of the transition is equivalent the sum of the dipole vectors of 
molecules P=P1+P2. The transition on the lower level is:

For symmetric wave function:
Py = <(Ψ1

0 + Ψ2
0)(1/√2)| (1/√3)P3

’q3(1) + (1/√3)P3
’q3(2)| Ψ0

00 > = 1/√3 P3
’;

Py = Pz= 1/√3P3
’;

Px =0;
I+ ~ 2/3 P3

’2.
For antisymmetric function:
PX = <(Ψ1

0 - Ψ2
0)(1/√2)| (1/√3)P3

’q3(1) - (1/√3)P3
’q3(2)| Ψ0

00 > = 1/√3 P3
’;

Py = Pz= 0;
I- ~ 1/3 P3

’2.   
From the solution we can see that the ratio of I+ to I− is 2 to 1, that is proved 

in experiment (Fig. 3).The calculated value of splitting and intensities of the first 
and second coordination spheres are shown in the Table 3.
Table 3. Calculation of intensity and shifts 13CO2 in the first and the second coor-
dination spheres.

I coordination sphere 
Δν I/I0

-2.5
+2.5

0.02
0.04

II
coordination sphere

1 0 0.03

2 -1.4
+1.4

0.04
0.02

3 -0.5
+0.5

0.04
0.02

4 -0.9 0.03
5 +0.9 0.03

Basing on the Table 1 and Table 2 we plotted the spectrum of dipole-dipole 
interaction between two molecules 13CO2 of the band υ3. In the plotted spectrum 
we used Lorentz curves with ∆1/2υ=1 cm-1 (Fig. 3.). In the spectra Fig. 3 we can 
see that calculated component for the first coordination sphere are matched with 
the experiment. The dimers from the second coordination sphere are part of the 
central component of the band. 

Conclusions
We can make the following conclusions:
1) The spectra of thin layers of CO2 deposited on the gold-plated cupper mirror 

at T = 7 – 77 K were recorded in the ν3 band region.
2) The υ3 band of 13CO2 has complex contour because of the interaction between 

these molecules from the first coordination sphere. Calculated values matche with 
experiment.
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3) The dipole-dipole interaction between two isotopologue molecules from 
the second sphere is correlated with the fine structure of the central component 
of 13CO2.

4) The thickness of the layers was calculated using the standing waves: incident 
and reflected from metal surface waves (Table 1).

5) The dependence of the shape of the contour of the υ3 band of 13CO2 with the 
thickness of the layer of the crystal was studied (Fig. 1).

References
1. Kolomiitsova T.D., Lyaptsev A.V., Shchepkin D.N. // Opt. Spectrosc., 88, 648 
(2000).
2. Dows D.A., Schettino V. // J. Chem. Phys., 58, 5009 (1973).
3. Ovchinnikov M.A., Wright C.A. // J. Chem. Phys., 99(5), 3374 (1995). 
4. Cahill J.E. // J. Chem. Phys., v. 66, № 11, 4847 (1977).
5. Rothman L.S., Benedict W.S. // Appl. Opt., v. 17, №16, 2605-2611 (1978).
6. Brooke H., Bronk B.V., McCutCheon J.N. // Appl. Opt., v. 63, №11, 1293-1302 
(2009).
7. Cryo-crystalls, edited by B.I. Verkin, A.F. Prihot’ko. – Kiev: Naukova Dumka, 
1983.
8. Andrianov D.S., Blagoveshenskii A.S., Kolomiitsova T.D., Shchepkin D.N. // 
Opt. Spectrosc., v. 94, №4, 564-579 (2003).

2290 2285 2280 2275
0.0

0.5

1.0

1.5

ν, cm-1

lg
(I 0/I

)

Fig. 3. The black line is experimental spectrum of the υ3 band of 13CO2. The red 
spectrum is calculated spectrum in the framework of the dipole-dipole interaction 
between two molecules from the first and the second coordination spheres. 
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Introduction
One of the interesting and practically important problems of a low-temperature 

plasma physics is the study of the breakdown in gas discharge tubes at low pres-
sure. The relevance of this problem is that the breakdown is a mandatory phase of 
pulse discharges, which are widely used in various technologies. For example, in 
gas-discharge lamps, lasers, plasmatrons and many other devices.

The mercury lamp is actually so called long discharge tube, that is, one for 
which diameter is much smaller than the length of the tube. The breakdown in long 
discharge tubes is significantly different from the classic Townsend breakdown. It 
takes place with the participation of the waves of ionization, which can be described 
as a breakdown between the high-voltage electrode and the nearest section of the 
tube wall with the further movement of the front of potential along the tube. In 
this work, the tube was filled with argon and mercury vapor. The argon pressure 
was 2.4 Torr, the mercury vapor pressure was 1.3 mTorr. The discharge current 
ranged from 5 to 50 mA.

Fig. 1. Sketch of the experimental setup.

The purpose of this work was (1) to find the dependence of the breakdown 
voltage on the rise rate of the applied voltage; (2) to study the “memory effect”, 
i.e. influence of the previous discharge pulse on the breakdown voltage; and (3) to 
study the effect of illumination of discharge tube on the breakdown voltage.
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Results
Using the setup in Fig. 1 we studied the dependence of the breakdown voltage 

on the rising rate of the applied voltage with and without electrode heating. Heating 
current was 350 mА. The results are shown in Fig. 2, it is shown the dependence 
of the breakdown voltage on the rising rate of the applied voltage. 

Fig. 2. The dependence of the breakdown voltage on the rising rate of the ap-
plied voltage. An interval between the pulses is 1 minute. Each point is aver-
age over 5 measurements. 

The steepness of voltage dV/dt ranged from 10-1 to 104 V/ms. The pulse was 
controlled with a digital oscilloscope connected to PC. Dependence of the break-
down voltage on dV/dt turned to be similar to that observed earlier in pure argon, 
that is non-monotonous, with a minimum at ~100 V/ms. It was also found that 
heating of the electrodes does not affect the breakdown voltage.
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Fig. 3. The “memory effect”. Frequency of pulse repetition is 1 Hz. Data is av-
eraged over 50 measurements. dU/dt = 2011 V/ms. 

To study the “memory effect”, we used paired-pulse mode with variable space 
between them. The effect itself is that the first pulse influences breakdown voltage 
of the second pulse. It has been found that the duration of the memory effect is 
20-30 ms.  During this period the breakdown voltage of the 2nd pulse is noticeably 
lower than that of the 1st one (Fig. 3). This effect could be attributed to the pres-
ence of residual electrons. Really, the estimated value of lifetime of the electrons 
in ambipolar diffusion in the afterglow is just about 10 ms.

In some cases (Fig. 4), the breakdown voltage of the second pulse was higher 
than of the first. This effect has been called “abnormal memory effect”. Its presence 

Fig. 4. The frequency of pulse repetition is 5 Hz. dU/dt = 860 V/ms.
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is explained by the fact that, as it was found, in these conditions the breakdown 
occurred without ionization wave and therefore required a higher voltage. 

Also, an influence of illuminating discharge tube by light source with visible 
spectrum was studied (Fig. 5). It was found that illumination of the high-voltage 
anode with radiation of blue LED at high rates of voltage rise (~106 V/ms) resulted 
in decrease in average breakdown voltage by as many as 1.5 times. Besides, the 
statistical scattering of the breakdown voltage disappeared. It was also found that the 
illumination of the cathode did not affect the value of the breakdown voltage.

Fig. 5. Influence of illuminating discharge tube by the blue LED.

Conclusions
We can make the following conclusions:
1. The dependence of the breakdown voltage on the rising rate of the applied 

voltage with heat and without heat was studied. It was found that heating of the 
electrodes does not affect the breakdown voltage.

2. An influence of illuminating discharge tube by light source with visible 
spectrum was studied. It was found that illumination of the high-voltage anode 
causes the decrease of the breakdown voltage by 1.5 times.

3. The influence of the previous pulse on the breakdown voltage (memory effect) 
was studied. The effect of both signs was found with duration about 30 ms.
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Introduction
A great amount of theoretical investigations has been devoted to the problem 

of the electronic bound states in hydrogenlike ions. For the case of a point nucleus 
the Dirac equation leads to the well-known Sommerfeld formula which describes 
the electronic spectrum for Z<137 (Z is the charge number of the nucleus). When 
Z becomes greater than 137, the corresponding value of the 1s state energy is no 
longer real. However, the model of an extended nucleus [1-4], which is more re-
alistic, helps one to avoid such intricacy. In this case the energy keeps decreasing 
and the state “dives” into the negative energy continuum at a certain value of Z. 
In Ref. [5] this phenomenon was investigated with regard to the concept of the 
vacuum charge. It turned out that when the radius of a supercritical nucleus (Z<137) 
tends to zero, the vacuum charge screens the nuclear charge to 137 that prevents 
a further diving of the electron states. This result leads to the conclusion that the 
interaction with a point charge in quantum electrodynamics cannot effectively 
have the coupling strength greater than 1 [4, 5]. The present work basically aims 
at examination how the previous statement may alter in the presence of nuclear 
recoil and vacuum-polarization operators.

We will consider the full nuclear recoil operator derived within the Breit 
approximation and investigate the contribution of the vacuum-polarization effect 
which is described in the leading order by the Uehling potential.

Dirac Hamiltonian including nuclear recoil 
and vacuum-polarization operators

For the point-like nucleus the nuclear recoil effect within the Breit approxima-
tion can be described by the operator [7]:
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The presence of the second derivatives and terms: 1/r2 considerably alters the 
asymptotic behavior of solutions in the vicinity of the nucleus.

We will also examine the vacuum-polarization effect. The leading contribution 
of this effect is described by the Uehling potential which can be included in the 
Dirac equation nonperturbatively (in terms of ordinary quantum mechanics). This 
allows us to analyze the principle behavior of the solutions whereas methods based 
on the calculations of the expectation values can only provide certain corrections 
to the energy eigenvalues.

The Uehling potential for the case of a point nucleus can be represented as 
(see, e. g., Ref. [6])
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It is well-known that this operator decreases the energy value so it is unlikely 
to “regularize” the Dirac Hamiltonian for a point-nucleus model. Indeed, it turnes 
out that the Hamiltonian including the Uehling potential provides the 1s solution 
for the case Z<137 only when it also contains the nuclear recoil operator.

The Dirac equation including the nuclear recoil and vacuum-polarization opera-
tors was solved numerically. The results are presented in the next section.

Results
We conducted numerical calculations in order to analyze the contributions of the 

nuclear recoil and vacuum-polarization effects in more detail. The 1s-state energy 
corresponding to the Hamiltonian which contains the nuclear recoil operator within 
the Breit approximation is presented in Fig. 1. We have assumed that the nuclear 
mass as a function of the nuclear charge is given by M = 2.6Zmp, where mp is the 
proton mass. The wave function was constructed even for Z<137 whereas the 
similar procedures for the motionless nucleus do not provide any adequate solu-
tions. This confirms the hypothesis that the nuclear recoil operator “regularizes” 
the Dirac Hamiltonian for the point-nucleus model. When the Hamiltonian contains 
both the recoil operator and the Uehling potential the 1s-state energy reaches the 
negative energy continuum at Z ≈ 144 (this corresponds to the line denoted by “B 
+ U” in Fig. 1). Taking into account the effects mentioned makes this value greater 
than 137. The 1s -state energy for the model of a homogeniously charged nucleus 
is also displayed in Fig. 1 (the nuclear radius is assumed to be 

〈 〉r Z2 1/2 1/3= 1.2(2.6 ) fm .

In Ref. [5] it was shown that, when the nuclear radius tends to zero, all electronic 
states with αZ>|k| one after the other reach the lower energy continuum that leads 
to the screening effect (this happens till the effective nuclear charge is 137). This 
is due to the fact that for a point-like nucleus all s and p1/2 states have the critical 
charge Zcr ≈ 137. We also provided the calculations for 2s, 2p1/2, 3s states and con-
cluded that the nuclear recoil effect allows the nucleus to have an arbitrarily large 
effective charge since for any value of Z the number of supercritical states is finite 
and, therefore, the nucleus is only partially screened by the vacuum charge. In Fig. 2 
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the energy as a function of Z is presented for several s and p1/2 states. We see that 
for the 1s, 2s, 2p1/2 and 3s states Zcr ≈ 145, 165, 146 and 193, respectively.

Fig. 2: The energy of the 1s, 2s, 2p1/2 and 3s states calculated for the point-nucleus 
model with the nuclear recoil operator within the Breit approximation.

Fig. 1: The 1s-state energy evaluated according to the Sommerfeld formula (line 
“point nucleus”), calculated for the case of an extended nucleus (line “extend-
ed nucleus”), for the point-nucleus model with the nuclear recoil operator (line 
“Breit”) and for the point-nucleus model with the recoil operator and the Uehling 
potential included in the Dirac Hamiltonian (line “B + U”).
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Discussion and Conclusions
In this paper a supercritical hydrogenlike ion was considered regarding the 

nuclear recoil and vacuum-polarization effects. It was proved that the Dirac 
Hamiltonian even for the point-nucleus model has the 1s-state for Z>137, provided 
the nuclear recoil operator is included. If we take into account the Uehling potental 
and the nuclear recoil effect within the Breit approximation, the energy of this 
state reaches the negative energy continuum at Zcr ≈ 144. This critical charge is 
not a fundamental value since it should alter when one takes into account the other 
QED and higher-order relativistic recoil corrections. For instance, the self-energy 
correction, which cannot be described by a local operator, is comparable to the 
Uehling contribution and has the opposite sign. However, this paper demonstrates 
that, in contrast to the previous findings [5], the interaction with a point charge 
in QED can effectively have the coupling strength greater than 1. Moreover, the 
analysis of other electronic states indicated that the effective nuclear charge can 
be arbitrarily large.

The present investigation is described in more detail in Ref. [11].
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Introduction
Strong light-matter interaction is one of the central subjects in quantum infor-

mation processing [1]. The exactly solvable models of quantum nonlinear optics 
provides a natural platform for studies in this direction [2]. The model which de-
scribes N two-level atoms interacting with a single mode of a cavity field, solved 
exactly for it's eigenstates and eigenenergies by Tavis and Cummings [3] at exact 
resonance, and by Hepp and Lieb for finite detuning [4].

If the cavity is not ideal because the cavity mode is coupled to a Kerr-like me-
dium, an effective Hamiltonian can be derived [5] which adds a fourth-order term 
in the boson operators to the simple JC Hamiltonian. The Tavis-Cummings (TC) 
model with the Kerr nonlinearity belongs to a different set of integrable models. The 
Bethe equations that define the behavior of the model were obtained by the Quantum 
Inverse Method (QIM) [6]. To obtain the detailed information about the behavior 
of the intrinsically nonlinear models the roots distribution of the Bethe equations 
is necessary to know. In this work we study numerically the roots distribution of 
the corresponding Bethe equations, and obtained the spectrum of the model. 

Model and Method
We consider the N-atom-radiation field model in the two-level atom approxima-

tion, in presence of Kerr-nonlinearity. In this case the Hamiltonian of the model 
is:
  (1)
where c is the non-negative coupling constant and Δ is the frequency shifted 
detuning. 

We apply the QIM method for the model under consideration (1), and we also 
use the Algebraic Bethe Ansatz for wave functions, which is pretty common and 
convenient for the QIM method. It leads us to the system of the Bethe equations 
(2), which here take the following form:
  

(2)

Evidently there are K=min(2S,M)+1 (modulo the permutation group) sets of 
solutions of these M Bethe equations. There are real and complex valued solutions 
of Bethe equations. The complex valued roots are pairwise conjugate.
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We can express any physically important characteristic via the roots of the cor-
responding Bethe equations. This way we can express the M-particle eigenenergies 
via roots of the Bethe equations.

  (3)

Substituting the obtained solutions of the Bethe equations into the exact 
analytical answer for the eigenenergy we find the Spectrum of the model. In this 
work we have solved the Bethe Equations for different M, and S, and calculated 
corresponding eigenenergies (Fig. 1).

Fig. 1. Spectrum of the generalized TC model, for different S and M. Here the cou-
pling constant c=0.5.

Conclusion
We have solved numerically the system of the Bethe equations (2), for different 

values of total spin S, and number of excitations M (Fig. 1). Obtaining the spectrum 
of the model is a necessary intermediate step for further developments like a search 
of time-dependent correlation functions of the model.
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Introduction
Numerous physical systems reveal self-similar (scaling) behavior over the 

extended ranges of spatial or temporal scales with highly universal exponents. 
The most prominent example is provided by the critical behavior of various equi-
librium systems near their second-order phase transition points [1]. An essentially 
different example is given by the phenomenon of self-organized criticality (SOC), 
typical of open nonequilibrium systems with dissipative transport [2]. In contrast to 
equilibrium systems, they do not include a tuning parameter (like the temperature 
for the second-order transitions) and evolve to the critical state as a result of their 
intrinsic dynamics. Self-organized critical states are believed to be ubiquitous in 
the Nature and are observed also in biological, ecological and social systems [3].

In this paper, we study effects of turbulent advection on a system in a self-
organized critical state by means of the field theoretic renormalization group (RG). 
We employ the continuous model proposed in [4], described by the stochastic 
equation for a smoothed (coarse-grained) height field

 ( ) ( , )h x h t x=


 
of a certain profile (sand pile or a landscape). Some modifications of the model 
[4] were proposed in [5, 6] and the effects of a flow on the erosion of landscapes 
were discussed in [6], but the velocity field as an independent dynamical variable 
was not introduced there.

In this paper, we explicitly introduce coupling with the velocity field. It is 
modelled by the strongly anisotropic Gaussian ensemble, with vanishing correla-
tion time and prescribed power-like pair correlation function, the d-dimensional 
generalization of the ensemble introduced and studied in [7] and, at the same 
time, the anisotropic modification of the popular Kraichnan’s rapid-change model 
[8]. It is natural here to consider anisotropic flow, because the original model [4] 
already involves intrinsic anisotropy, related to the overall tilt of the landscape or 
the sand pile surface.

Methods, Results and Discussion
Let n  be a unit constant vector that determines a certain preferred direction: 

x x nx⊥= +


    with 0x n⊥ ⋅ =
  . Let /i ix∂ = ∂ ∂  with 1i d=   be the derivative in the 
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full d-dimensional x -space, / ix⊥ ⊥∂ = ∂ ∂  with 1 1i d= −

 is the derivative in the 
subspace orthogonal to n , and n∂ = ⋅∂





.
The stochastic differential equation for the height field ( ) ( , )h x h t x=

 is taken 
in the form [4]: 

 
2 2 2 / 2th h h h f⊥ ⊥∂ = υ ∂ + υ ∂ − ∂ +

    
where ⊥υ  and υ



 are viscosity coefficients and ( )f x  is a Gaussian random noise with 
zero mean and the pair correlation function ( )

0( ) ( ') 2 ( ') ( ').df x f x D t t x xδ δ= − −
   

Coupling with the velocity field ( )iv x  is introduced by the replacement 
t t t i iv∂ →∇ = ∂ + ∂ , where ∇t is the Lagrangian (Galilean covariant) derivative. 

The velocity field will be taken in the form ( , )v nv t x⊥=
  

, where ( , )v t x⊥
  is a scalar 

function independent of x . Then the incompressibility condition is automatically 
satisfied: 0i iv∂ = .
For ( , )v t x⊥

 we assume a Gaussian distribution with zero mean and the pair cor-
relation function

 
1( , ) ( ', ' ) ( ') exp{ ( ' )} ( ),

(2 ) vd

dkv t x v t x t t ik x x D kδ
π

⊥
⊥ ⊥ ⊥ ⊥ ⊥ ⊥−= − ⋅ −∫



 

   

with the scalar coefficient functions of the form 1
0( ) d

vD k B k ξ− + −
⊥ ⊥= . Here B0 > 0 

is a constant amplitude factor and ξ is an arbitrary exponent, which (along with 
the conventional 4 dε = −  will play the role of a formal RG expansion parameter. 
The infrared (IR) regularization is provided by the cutoff k⊥>m. 

According to the general statement [1], our stochastic problem is equivalent 
to the field theoretic model of the extended set of fields Φ={h',h,v} with action 
functional 

2 2 2
0( ) ' ' '{ / 2}t vS h D h h h v h h h h S⊥ ⊥Φ = + −∂ − ∂ + υ ∂ + υ ∂ − ∂ +

   

All the required integrations and summations over the vector indices are implied. 
The last term corresponds to the Gaussian averaging over v with its correlator.

This allows one to apply the field theoretic renormalization theory and renor-
malization group to our stochastic problem. The model corresponds to a standard 
Feynman diagrammatic technique with three bare propagators: 0

vv , 0
'hh , and 

0
hh . The model also involves two types of vertices corresponding to the interac-

tion terms −h'∂∥h/2 and −h'v∂2∥h. The corresponding coupling constants 0g  and 
0w  are defined by the relations 3/2 3/2

0 0 0 0 ,D g⊥=υ υ  0 0 0.B w=υ

The analysis of ultraviolet (UV) divergences is based on the canonical dimen-
sions [1]. Our strongly anisotropic model has two independent momentum scales, 
related to the directions perpendicular and parallel to the vector n



, and a frequency 
scale. It can be shown that the model is logarithmic (the coupling constants 0g  
and 0w  are simultaneously dimensionless) at 4 0dε ξ= − = = . Furthermore,  
dimensional analysis yields the possible counterterms for renormalization; for 
the sake of brevity, we omit the details here. As all the 1-irreducible functions 
without the field h' contain closed circuits of retarded propagators 

0
'h h  and 

vanish because of it, they do not require counterterms [1]. The action functional 
is even with respect to the reflection h'→−h', h→−h, v v→−

 

, x x→ −
 

. There are 
also two independent Galilean symmetries: the first corresponding to the original 
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stochastic equation ( 'x x→
  , h'→h', v v→

  , h→h−u, u=const) and the second 
appearing after introduction of the velocity field ( 'x x→

  , h'→h', v v nu→ −
  

, 
u=const, h→h).

Taking all of the above into account, we need to introduce the only counterterm 
of the form 2'h h∂



 (which means that our model is multiplicatively renormalizable) 
and the only independent renormalization constant: in the renormalized action 
functional 

2
1 0 2 3 4

2 2
5 6 7

( ) ' ' '{

/ 2 }
R t

v

S Z h D h h Z h vZ h Z h

Z h Z h Z S
⊥ ⊥Φ = + − ∂ − ∂ + ∂ −

− ∂ + ∂ +

υ

υ


  

all the renormalization constants Zi are equal to 1 except for Z6, which is naturally 

interpreted as the renormalization constant of the coefficient v


. In the leading (one-
loop) approximation it has the form 6 1 / /Z Z ag bwυ ε ξ= = − −



 (the use of the 
minimal subtraction scheme is implied; a,b are positive numerical coefficients). 

To proceed, we have to find the RG functions: the anomalous dimensions and 
the β functions, which appear as coefficients in the differential RG equations [1]. 
Taking into account the relations between the coupling constants and the explicit 
form of the constants Zi, we obtain:

[ 3 / 2],g g υβ = −ε − γ


 
[ ],w w υβ = ξ + γ



ag bwυγ = + +




where the ellipsis stands for the higher-order corrections in g and w. 
There are three fixed points in our model:
(1) Gaussian (free) fixed point with g*=w*=0 and * 0υγ =



. The point is at-
tractive for ε, ξ<0.

(2) The point with g*=0, w*=ξ/b and *υγ = ξ


. The latter expression is exact. 
The point is attractive for ξ>2ε/3, ξ>0.
From the physics viewpoints, in this critical regime the nonlinear term in the sto-
chastic equation does not affect the leading terms of the IR asymptotic behavior 
(it is IR irrelevant in the sense of Wilson).

Fig. 1. Regions of stability of the fixed 
points in the model. All the boundaries 
of those regions are straight rays; there 
are neither gaps nor overlaps between 
the different regions. These results are 
exact.
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(3) The point with w*=0, g*=ε/a and * 2 / 3= =υγ ξ ε


. The latter expression is 
exact. The point is attractive for ξ<2ε/3, ε>0. In this critical regime, the advection 
is irrelevant and the IR behavior of the model coincides with that of the original 
Hwa–Kardar model.

For the special choice ξ=2ε/3 we have a line of fixed points in the g–w plane. 
However, the exact value * 2 / 3= =υγ ξ ε


 is the same for all points on that 

line. 
Conclusions

We studied effects of fluid motion, including turbulent mixing, on a system in 
the state of self organized criticality. The latter was modelled by s stochastic dif-
ferential equation for a height field while the velocity of the fluid was described 
by a random Gaussian ensemble. Both the equation and the velocity ensemble are 
strongly anisotropic.

The full model can be reformulated as a renormalizable field theoretic model 
with a single independent renormalization constant. The corresponding RG equa-
tions possess several IR attractive fixed points, corresponding to different possible 
types of critical behavior. They correspond to ordinary diffusion, passively advected 
scalar field and to the original SOC model without the mixing. Their regions of IR 
attractiveness in the plane of model parameters d and ξ and the critical dimensions 
of basic fields and parameters are found exactly. For the special choice ξ=2(4−d)/3 
an intermediate regime arises, where both the nonlinearity and the advection are 
important.

In the following, it would be interesting to study other models of SOC and to 
employ more realistic models for the turbulent velocity field, e.g., models with 
finite correlation time and non-Gaussianity. This work is in progress.

The authors thank Loran Adzhemyan and Michal Hnatich for discussion. The 
work was supported by the Saint Petersburg State University within the research 
grant 11.38.185.2014.
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Introduction
For the successful simulation of processes occurring in electrical grids, it is 

necessary to create models of transmission lines that take into account the presence 
of the steel core in cables [1]. However, the creation of such a model is impossible 
without the knowledge of the magnetic properties of the steel used. Since the steel 
is constructional, its magnetic properties are not subjected to any investigation and 
are not regulated.

A set of hysteresis loops for different frequencies is the main magnetic char-
acteristic of the steel and it can be obtained experimentally (Fig. 1). Investigation 
of hysteresis loops and their further treatment is of main concern in the present 
work.

Fig. 1. Set of hysteresis loops. Frequency is 50 Hz.

Experimental setup
Magnetic flux vs. magnetic field dependence (hysteresis loop) is the main 

magnetic characteristic of steel. However, these values cannot be directly measured 
experimentally. Experimentally measurable quantities are induced EMF and cur-
rent, from which the magnetic flux and the magnetic field are calculated using two 
Maxwell's equations in integral form (1, 2). 
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  (1)

  (2)

The experimental sample is a steel wire, with closed ends. Two identical 
windings are wound on the wire: primary and secondary. The number of turns is 
selected so that it is possible to measure the whole magnetization curve, including 
the saturation region. Harmonic periodic signal is supplied to the primary winding 
and current flowing therein is measured. Measurement of induced EMF is done in 
a separate secondary winding. From these measurements (current and EMF) one 
can build the BH curve (see below).

Fig. 2. The experimental setup. 1 – PC with Matlab to control experiment, 2 – am-
plifier to generate a signal of sufficient power from the signal of the sound card, 
3 – transformer for galvanic isolation of the installation, 4 – the sample, 5 – the 
resistance for measurement of the current, 6 – a voltage divider with a division 
factor of 11.2 1, 7 – L-Card to register stresses.

Processing of results
Using (2), the current through the primary winding 𝐼𝑟 is converted to the 

magnetic field:
  

where N – number of primary turns, dr – average diameter of the steel ring.
Using (1), EMF Ue is converted to the magnetic flux:

  

where dw – diameter of the steel wire.
Calculated in such manner the hysteresis loops for the frequency of 50 Hz are 

shown in Fig. 1.
Magnetization curve is calculated from the set of hysteresis loops for each 

frequency. An example of the magnetization curve for one set of hysteresis loops 
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(50 Hz) is shown in Fig. 1. Magnetization curves for different frequencies are 
shown in Fig. 3. 

Fig. 3. Magnetization curves for different frequencies.
Only the curve at the low frequency (5 Hz) does not match the others. This 

is due to the distortion of the signal by the amplifier and the sound card, as this 
frequency is outside the bandwidth of the devices.

Differential relative permeability can be found from the obtained magnetiza-
tion curves:

  
Fig. 4 shows the dependence of the differential permeability on the magnetic 

field.
Fluctuations of the permeability (Fig. 4) are primarily due to spline interpolation 

and inaccurate selection of extreme points on the hysteresis loop. The maximum 
permeability is 600-800 at the magnetic field value of 2 kA/m.

Fig. 4. The differential permeability versus the magnetic field.
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Accuracy of experiment
The experiment has several major sources of error:
1) Deviation of the measured parameters of the sample (ring diameter, the 

diameter of the wire)
2) The error in determining the resistance used
3) Accuracy of ADC
The second and the third types give a negligibly small error compared with 

the first one. This is due to the fact that it is nearly impossible to bend structural 
steel in a perfect ring. The radius of the ring used in experiment is measured with 
relative error of 2%. Thus, up to experimental error obtained BH curves match 
(Fig. 3, neglecting one at the 5Hz frequency).

Conclusion
Structural steel used in the distribution networks has nonlinear properties that 

must be considered in models of high-voltage lines. Investigated steel has a low 
initial permeability µi ≈ 50. Maximum permeability is µmax ≈ 800 when the mag-
nitude of the magnetic field is Hmax ≈ 2 kA/m.
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Introduction
It was noted by Fock in 1937 that it is convenient to represent Green functions 

as integrals over an auxiliary coordinate (the so-called “propertime”) of a kernel 
satisfying the heat equation. Later on Schwinger recognised that this representations 
makes many issues related to renormalization and gauge invariance in external 
fields more transparent. DeWitt made the heat kernel one of the main tools of his 
manifestly covariant approach to quantum field theory and quantum gravity which 
became dominant for many years.

Results and Discussion
It is known that quantum corrections to the classical Yang-Mills action (see 

for example [1]),

in one-loop approach give (where ε  — the parameter of regularization, which 
tends to zero in the limit of its removal; C(G) — value of the operator Cazimir 
for group G), after that you can do the renormalization in the spirit of the Landau-
Wilson: coupling constant g2 is considered as such function from parameter ε that 
the coefficient before classical action remains finite at ε→0.

In this work the one-loop corrections are calculated in the formalism of external 
field for the modified Lagrangian to the Weinberg-Salam model, which does not 
include the mass term and the potential of the Higgs. Also calculated first coef-
ficient of the Gell-Mann-Low (β-functions) for the gauge fields, the signs for the 
Abelian and non-Abelian fields differ. The main result of this note is the fact that 
the one-loop corrections to the classical Lagrangian
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lead to the Lagrangian of the form

where βk — the positive constants depending on coupling constants.
We used two methods the  heat kernel method and background-field method to 

obtain this result. In this note we would like to discuss the heat kernel method, for 
the background-field method see [3]; we only note that it seems to be convenient 
to choose the generalized R-ξ calibration in this model:

It is well-known fact that if you are searching for one-loop approximation, 
you need to calculate the functional determinant of differential operator. And for 
this purpose you can use the heat kernel method. In this method you consider the 
elliptic operator on Riemannian manifold, which have the following form

where g is the metric on your manifold. There is a unique connection on vector 
bundle over M and a unique endomorphism E of V so that

where the covariant derivative ∇ = ∇[R] +ω contains both Riemann ∇[R] and 
“gauge” (bundle) ω parts. After this you can introduce the heat kernel in the con-

ventional way by the following equations
The useful result is that we can connect the value of determinant and the heat 

kernel by this equation:              
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where

On the other hand there exist the series for heat kernel when the proper time 
tends to zero, and the coefficients of divergent terms can be expressed in geo-
metrical terms of our manifold:

where 

Conclusion
By using this method the determinants were calculated, so the classical 

lagrangian with  one-loop divergent modifications has the form discussed at the 
beginning. We can see that the mass term and the potential of the Higgs appears, 
but also there is a new term he new term with second derivative of Ψ, so a proposal 
discussed in the article [2], required further discussion.
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Introduction
In this paper we study the anomalous scaling in the kinematic magnetohydro-

dynamic (MHD) problem and model the velocity dynamics by the non-Gaussian 
velocity field with finite correlation time, governed by the stochastic Navier–Stokes 
(NS) equation. We apply to the problem the approach based on the field theoretic 
renormalization group (RG) and the operator product expansion (OPE), earlier 
applied to the passive scalar problem. In that approach, the anomalous exponents 
are identified with the critical dimensions of certain Galilean-invariant composite 
fields (“operators”). It can be directly generalized to the cases of finite correlation 
time, presence of anisotropy, non-Gaussianity and so on. 

In the present paper we adopt the approach, where, with the price of some 
natural approximations, the stochastic NS equation for a compressible fluid was 
reformulated as a multiplicatively renormalizable field theoretic model. Then the 
standard field theoretic RG was applied to the problem, and the resulting stationary 
scaling regime was associated with the IR attractive fixed point of the correspond-
ing RG equations.

Results and Discussion
We describe the stochastic dynamics of a compressible fluid by the set of two 

equations: 
 iikkikkiikit fvvv +∂−∂∂+∂∂−∂∇ φµδν 0

2
0 ][=  (1)

 ,= 2
0 iit vc ∂−∇ φ  (2)

which are derived from the momentum balance equation and the continuity equa-
tion [1] with two assumptions: the kinematic viscosity coefficients ν0 and µ0 are 
assumed to be constant, that is, independent of x = {t, x}, and the equation of state 
is taken in the simplest form of the linear relation

)(=)( 2
0 ρρ −− cpp

between the deviations of the pressure p(x) and the density p(x) from their mean 
values; then the constant c0 has the meaning of the (adiabatic) speed of sound.

In Eqs. (1), (2), ν = {νi(x)} is the velocity field and, instead of the density, we 
use the scalar field defined as

ϕ ρ ρ( ) = ( ( ) / )0
2x c xln . 

Furthermore,
  kktt v ∂+∂∇ =  (3)
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is the Lagrangean (Galilean covariant) derivative, tt ∂∂∂ /= , ii x∂∂∂ /= , and 
ii∂∂∂ =2  is the Laplace operator. The problem is studied in the d - dimensional 

(for generality) space x = {xi}, i = 1….d, and the summations over the repeated 
Latin indices are always implied.

In the Navier–Stokes equation (1), fi is the density of the external force (per 
unit mass), which mimics the energy input into the system from the large-scale 
stirring. In order to apply the standard perturbative RG to the problem, it is taken to 
be Gaussian with zero mean, not correlated in time (this is dictated by the Galilean 
symmetry), with the given covariance 

 〈 ′ 〉 − ′
( )

⋅∫f x f x t t dk D k k xi j k m d ij
f( ) ( ) = ( )

2
( ) { },

>
δ

π
exp i  (4)

with 
 D k D k P k P kij

f d y
ij ij( ) = ( ) ( ) .0

4− − ⊥ +{ }α   (5)
Here

 P k k k k P k k k kij ij i j ij i j
⊥ −( ) = / ( ) = /2 2δ and 

are the transverse and the longitudinal projectors, respectively, k = |k| is the wave 
number (momentum), D0 and α are positive amplitudes. The parameter m: L-1, 
reciprocal of the integral turbulence scale, provides IR regularization; its precise 
form is unessential and the sharp cut-off is merely the simplest choice for cal-
culational reasons. The exponent 0<y ≤ 4 plays the part analogous to ε = 4 - d 
in the RG theory of critical state: it provides UV regularization (so that the UV 
divergences have the form of the poles in y) and various scaling dimensions are 
calculated as series in y.

In the presence of a constant background field ii nBB 00 =  with a certain con-
stant unit vector n = {ni}, the dynamic equation for the fluctuating part θi = θi(t, x) 
of the full magnetic field )(= 0

iii nBB θ+  has the form 

 ,=)( 2
0 ikkiikikkit vnvv ∂+∂−∂+∂ θκθθθ  (6)

 where κ πσ0
2= / 4cl is the magnetic diffusion coefficient. Equation follows from 

the Maxwell equations neglecting the displacement current and the simplest form 
of Ohm’s law for a moving medium

( )],[= 1 BcEj l v−+σ ,
where σ is the conductivity and cl  is the speed of light.

It is well known that any stochastic problem can be reformulated, in a standard 
fashion, as a certain field theoretic model. This means that various correlation 
and response functions of the original stochastic problem can be represented as 
functional integrals over the doubled set of fields Ф with the weight expS(Ф), 
where S(Ф) is the so-called De Dominicis–Janssen action functional. The action 
functional Sν(Ф) for the problem with },,,'{= φφ vv ′Φ  looks too cumbersome, 
and we do not reproduce it here, as well as the elements of the corresponding 
Feynman diagrammatic techniques (bare propagators and vertices). Below we only 
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will need the velocity–velocity propagator at c0 = 0; in the frequency–momentum 
(ω-k) representation it has the form: 

 
〈 〉

+
+

+












⊥

v v D
P k

k
P k
u ki j

ij ij
0 0 2

0
2 4 2

0
2

0
2 4=

( ) ( )
.

ω ν
α

ω ν



 (7)

The full-scale stochastic problem corresponds to the action functional 

 S S Sv( ) = ( ', , , ) ( ', , ),Φ v v v′ +ϕ ϕ θ θθ
 (8)

where 

 })({= 2
0 ikkiikikkiti vnvvS ∂+∂+−∂−−∂′ θκθθθθθ  (9)

is the De Dominicis–Janssen action for the problem at fixed v .
We will focus on the irreducible tensor operators built solely of the fields θ. 

They have the forms 

 
F x x x xnl i il i i

s≡ ( ) +θ θ θ θ
1
( ) ( ) ( ) ( ) , 

 
(10)

where l≤ n is the number of free tensor indices and n = l +2s is the total number 
of the fields θ entering into the operator; the tensor indices and the argument x  
of the symbol Fnl are omitted. The ellipsis stands for the appropriate subtractions 
involving the Kronecker delta symbols, which ensure that the resulting expressions 
are traceless with respect to contraction of any given pair of indices, for example, 
θiθj - δij(θkθk/d) and so on.

Using the general expression, for the critical dimension ∆nl at the fixed point 
we obtain 
 ∆ ∆nl nln ny y Q Q

d d
= =

6 6( 1)( 2)
* 1 2

θ γ
α

+ +
+( )

− +
, (11)

where 

 

Q n n d d d l l d
Q n n nd d d l l d

1

2

= ( )( 1) ( 1) ( 2),
= ( )( 1) ( 2)
− + − + + + +
− + − − + + + .  

In particular, for the scalar operator one arrives at the expression 

 ∆n
yn

d
n n d

d0 =
6( 2)

( 2) (3 4)
( 1)

,−
+

− +
+ −
−









α  (12)

which is negative and decreases as α grows: 
 0.</0 α∂∆∂ n  (13)
As we will see in the next section, this means that the anomalous scaling is indeed 
present in our model and becomes more strongly pronounced as the degree of 
compressibility increases.

For a fixed n, the dimensions exhibit a kind of hierarchy with respect to the 
rank l (which measures the “degree of anisotropy”): 
 ∂ ∂∆nl l/ > 0.  (14)
In contrast to the Gaussian model, this hierarchy becomes more strongly 
pronounced as α increases: 

 ∂ ∂ ∂2 / > 0.∆nl l α  
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Conclusions
We have studied the model of passive vector field, advected by a turbulent flow. 

The latter is described by the Navier–Stokes equations for a strongly compress-
ible fluid with an external stirring force with the correlation function ∝ k4-d-y. From 
physics viewpoints, the model describes magnetohydrodynamic turbulence in the 
so-called kinematic approximation, where the effects of the magnetic field on the 
dynamics of the fluid are neglected.

That model appears multiplicatively renormalizable, so that the corresponding 
RG equations can be derived in a usual way. They have the only IR attractive fixed 
point in the physical range of parameters, so that various correlation functions 
reveal scaling behavior in the IR region.

Their inertial-range behavior was studied by means of the OPE; existence of 
anomalous scaling (singular power-like dependence on the integral scale L) was 
established. The corresponding anomalous exponents were identified with the 
scaling (critical) dimensions of certain composite fields (composite operators), 
namely, powers of the magnetic field. They can be systematically calculated as 
series in the exponent y. The practical calculation was accomplished in the leading 
order; the results are presented.

The results obtained are quite similar to those derived earlier for the vector 
fields advected by synthetic velocity ensembles: the anomalous scaling becomes 
more remarkable as the degree of compressibility α increases; the anisotropic 
contributions form an hierarchy related to the degree of anisotropy l, so that the 
leading inertial-range contribution is the same as for the isotropic case. However, 
that hierarchy becomes stronger as the degree of compressibility grows, in contrast 
to what was observed for the Kraichnan’s rapid-change ensemble. In this respect, 
our results are close to what was recently observed for the scalar field, advected 
by the same velocity ensemble.

Admittedly, our results are derived only in the leading order of the expansion 
in a parameter, which is not very small. So it is hard to expect a good quantita-
tive agreement between the theory and experiment. On the other hand, to the best 
of our knowledge, the dependence of the anomalous exponents on the degree of 
compressibility was not studied experimentally.

Further theoretical investigation should include, in particular, account of 
the reaction of the magnetic field on the fluid dynamics. Existing works of this 
problem, based on the RG techniques, were concerned with the incompressible 
fluid and did not discuss the anomalous multiscaling. Thus, much work remains 
for the future.
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Introduction
Solutions of non-stationary Schrodinger equations [1] play an important role in 

many tasks of Theoretical Physics. Because many processes that we can observe in 
experiments should be described in non-stationary case, we want to see the evolu-
tion of these processes. In that article we performed the analysis of movement of 
charged particle in an external constant uniform magnetic field. 

If we try to localize the particle in some physically small volume, what in 
correspondence with Heisenberg inequality [6]

 
∆ ∆x px ≥



2  
Means that uncertainty of impulse will increase. Means that uncertainty of impulse 
will increase. Thus, we can form the wave packet for this particle. 

For finding the solution we need to calculate the stationary Schrödinger equa-
tion [5]:
 i

t
x, y,z,t = H x,y,z,t

∂
∂

( ) ( )
∧

Ψ Ψ  

where Hamiltonian [1, 7]:
.

2
1ˆ

2







 − A

c
qP

m
=H



The particle has charge -q, where q is modulus of electron charge. The magnetic 
field has the next configuration: 



B = B0,0,( )
We choose the vector potential in the next form:

 



A= By , Bx−





2 2

,0 .
 

After expand the Hamiltonian in Schrodinger equation we get:
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where ω ω= L / 2.
The initial condition we choose as symmetric Gaussian packet.

Ψ x, y, = C x + y + i P + P2
x 0y0 exp .2 2

0( ) − ( ) ( )





κ


Results and Discussion
For finding the solution of obtained second order differential equation in 

partial derivatives we need move in to rotating reference frame. With using next 
transformation:

cos sin 0 0

sin cos 0 0

0 0 1 0
0 0 0 1

ω ω

ω ω

t t

t t
( ) ( )

− ( ) ( )




















In that case we get:

 
i

t
' r,t =

m
' r,t + m x + y ' r,t + P

m
xy

2
2 z







 ∂
∂

( ) − ( ) ( ) ( )
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Ψ
∆

Ψ Ψ Ψ2 2

2

2 2 2
ω '' r,t( )

This equation looks like equation for a harmonic oscillator with the exception 
of last summand [3]. That equation is second order differential equation in partial 
derivatives. In that case the solution will consist of two parts: coordinate part and 
time part:

 Ψ
r,t = T t R x, y,z( ) ( ) ( )  

R r( )  will be sought in the form 

R r = x, y
iP z

,z



( ) ( ) −





ϕ exp

where Pz is eigenvalue of z projection of the impulse operator. Next without loss of 
generality we put Pz = 0 because this part of the last formula responds for moving 
of the wave packet along z axis.
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With using of known solution for a Harmonic oscillator problem, partial solu-
tion will get the next form

 
Ψnn' nn'

nn'
nn'x, y,t = A i E t x, y( ) −





( )exp


ϕ
 

The full solution can be written in the next form:
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This solution consist of two multiplied solutions for harmonic oscillator [3].
After cumbersome, but simple calculations, square modulus of the wave func-

tion can be written in the next form:
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where 
R =

P + P c
qB

x 0y
2

0
0
2

.

As we can see when arguments of exponents 
are zeroes, we get the equation for the circle 
in a parametric form, what can be shown 
in Fig. 1 on this illustration is shown the 
movement of the wave packet.

Correspondence principle
In agreement with correspondence principle [2] any quantum mechanics theory 

must transform in to classical physics with formal transition ħ →0.
In this way square modulus of the wave function goes to:

Fig. 1. Movement of the wave packet.
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Intuitively, this can be repre-
sented as follows Fig. 2 (consid-
ered three-dimensional case):

Conclusion
In that article we made a 

detailed observation of one of 
the most known problems of 
quantum mechanics that have 
very important theoretical and 
practical meaning, it is the 
problem of motion a charged 
particle in an external constant 
uniform magnetic field.
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Abstract
B-meson is also known as the open-beauty heavy meson which consists of the 

light u- or d-quark and heavy b-antiquark. In the Heavy Quark Effective Theory 
(HQET) framework, the heavy antiquark is considered as the stationary source and 
the meson dynamics is completely determined by the motion of the light quark. 
From the phenomenological point of view, decays of B-mesons are described by 
transition matrix elements from the B-meson state into the vacuum or hadronic one. 
If we restrict ourselves the transition matrix element from the B-meson state to the 
vacuum, there are two functions only which are called leading and non-leading 
Light-Cone Distribution Amplitudes (LCDAs). There are three models for the 
leading LCDA [1-3] which are widely used in applications. Lee and Neubert [4] 
suggested the modified form of the model [1] which is matched with the asymptotic 
form following from the perturbative QCD. The non-leading LCDA can be related 
with the leading one by virtue of the Wandzura-Wilczek relation [1]. Both leading 
and non-leading LCDAs are calculated within the simplest models [1, 2] but two 
other, more complicated models are presented by the leading LCDA only. We have 
calculated the non-leading LCDA related with the models [3, 4] in the Wandzura-
Wilczek approximation. Using these LCDAs the momentum-transverse-dependent 
first inverse moments in all these models have been calculated. These moments 
are of impotance, for example, in the analysis of exclusive radiative, semileptonic 
and hadronic decays of B-mesons.

Introduction
We will study the heavy meson – a bound state of a light quark and heavy 

antiquark. Despite another type of interaction, this system is very similar to the 
hydrogen atom. Let us remember that the proton spin in the hydrogen atom is 
decouple in the non-relativistic approximation and its effects on the energy levels 
are absent completely. The heavy antiquark in the heavy meson behaves like a 
proton in the hydrogen atom, being the stationary source, and the light quark 
looks like an electron and determines the dynamics of the meson. After neglecting 
the heavy-quark spin, such a system behaves like a spinor and can be called as a 
“spinor meson”. As a consequence, the pseudoscalar B-meson and vector B*-meson 
are equivalent up to 1/mb corrections. It is convenient to introduce the effective 
mass Λ̅   of the meson which is equal to the difference between the masses of the 
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heavy meson and heavy quark. Note that Λ̅  = 0.5 GeV for B- and D-mesons with 
the lowest masses.

At the language of Quantum Field Theory, to describe the heavy meson as a 
bound state of quark and antiquark one needs to introduce a bilocal operator with 
quantum numbers of the meson which is called the meson interpolation current. 
In the framework of HQET, such a current is constructed from the spinor field q 
of a light quark and scalar field Q* of the heavy antiquark.

O z Q E z q z( ) = ( ) ( )0 0, ( ).

The requirement of the bilocal-operator gauge invariance results in the intro-
duction of a gauge link between the quark fields which is called the Wilson line. 
The gluon fields Aµ

a, which are relevant for the quark interaction, are path-ordered 
along the Wilson line:

E z P ig A z dzst

z
a

a

0
20

, � .' '( ) = − ( )







∫ +exp λ

Here, λa (a=1,2,…,8) are the Gell-Mann matrices and gst is the strong coupling. 
Since the light-quark mass can be neglected in the Heavy-Quark Symmetry 

limit, then this quark propagates with the speed of light and is situated on the light 
cone. To describe such a quark, it is convenient to introduce two light-like vectors 
n+ and n- which determine the light-cone plane. The origin of the plane is identi-
fied with the position of the heavy quark. These two vectors can be related with 
the physical ones: quark 4-momentum pµ and its position zµ on the light cone. dz'µ 
is the elementary lengths on the straight line connecting quarks and is entering 
the path-ordered exponential. So, one projection of the gluonic field only gives 
contribution to the Wilson line. The choice of the Fock-Schwinger gauge A+(z)=0 
makes trivial the Wilson line:

E z0 1, .( ) =
In the Fock-Schwinger gauge for gluons, the presentation of meson interpolating 
currents becomes quite simple. Let us consider the transition matrix element from 
the meson state to the vacuum one. 

< ( ) ( ) >= ( ) + ( ) − ( ) 












+ − +

∧

0
2



  O z M v f t t t z
t

u vM ϕ ϕ ϕ ( ).

It can be parametrized by two distribution amplitudes φ̃+(t) and φ̃-(t) which 
describes the light-quark motion inside the meson. To make the distribution ampli-
tudes dimensionless, one can factorize the constant fM with a dimension of a mass 
which is called the leptonic decay constant of the meson. As the heavy-quark spin 
degrees of freedom are neglected, the wave-function of the corresponding “spinor 
meson” with the 4-velosity vµ is the spinor field u(v). It is convenient to work with 
the Fourier transforms of the amplitudes:

ϕ ω φ ωω
±

∞
− ±( ) = ∫t d e i t

B
0

( ).
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In calculations of meson decays, one requires not the distribution amplitudes them-
selves but some integrals of these amplitudes. As a special case, let us calculate 
the first inverse moment of the distribution amplitudes:

λ ω
φ ω
ω

λ ω
φ ω

ω

B
B

B
B

B

d

q d
q
M

i

,

,

( ) ,

( ) .

±
−

∞ ±

±
−

∞ ±

=

( ) =
− −

∫

∫

1

0

1 2

0
2



Note that the distribution amplitudes are non-perturbative quantities and usual 
perturbative methods of QFT are inapplicable. The commonly used method of 
their calculation is QCD Sum Rules. To combine these distribution amplitudes 
with hard kernels in amplitudes of physical processes, one needs to model them 
by some analytical expressions called the distribution amplitude models. At pres-
ent, several models for the distribution amplitudes have been suggested.  The first 
one called the exponential model was proposed by Grozin and Neubert [1] and is 
appeared to be the most popular:

φ ω
ω
ω

φ ω
ω

ω ω

ω ω

B

B

e

e

+ −

− −

( ) =

( ) =
0
2

0

0

0
1

/

/

,

,

where ωD=2Λ̅ /3. The other model, being also simple and explicitly based on the 
light-meson distribution amplitude, was introduced by Kawamura, Kodaira, Quao, 
and Tanaka [2]:

φ ω
ω

θ ω

φ ω
ω
θ ω

B

B

+

−

( ) = −

( ) = −
−

2
2

2
2

2

2

2

Λ
Λ

Λ
Λ

Λ

( ),

( ).

More involved models are the two-parametric model by Braun, Ivanov, and 
Korchemsky [3] and improved exponential model by Lee and Neubert [4]. The 
later one matches the exponential behavior at low momenta of light quark and 
QCD-based behavior (the radiative tail) at large momenta. In particular, the model 
by Lee and Neubert explicitly contains the strong coupling αst. 

Two distribution amplitudes φB
+ and φB

− considered are related to each other by 
the Wandzura-Wilczek relation:

φ ω
φ ω
ω

ω
ω

B d−
∞ +

( ) = −∫ B ( )
'

'
'

.

In this approximation the three-particle Fock state induced by the quark-
antiquark-gluon interpolation current is neglected.
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For the models by Braun, Ivanov, and Korchemsky [3] and by Lee and 
Neubert [4] the leading distribution amplitudes only were studied while non-leading 
amplitudes were skipped. We have calculated these non-leading amplitudes and 
explicit analytical expressions will be presented elsewhere [5]. As an example, the 
momentum dependence of the leading and non-leading distribution amplitudes in 
the model [3] in presented in Fig. 1 (left penal). 

As mentioned above, one needs moments of these amplitudes in getting 
decay widths of heavy mesons. Among moments, the first inverse one is of 
special interest. The momentum-dependent first inverse moment of the leading 
distribution amplitude in the model [3] is presented in Fig. 1 (right penal). Similar 
moments for other models are also obtained and will be presented elsewhere [5]. 
The influence of the choice of the heavy-meson model on the semileptonic decay 
rates of B-mesons is also interesting to study. 

    

Fig. 1. Left penal: Leading and non-leading distribution amplitudes in the model 
by Braun, Ivanov and Korchemsky [3]; Right penal: The first invers moment of 
the leading distribution amplitude in the same model. 

Conclusions
The transition matrix element from the B-meson state to the vacuum one is 

determined by two functions only which are called leading and non-leading Light-
Cone Distribution Amplitudes (LCDAs). There are three models for the leading 
LCDA [1-3] which are widely used in applications. Lee and Neubert [4] suggested 
the modified form of the model [1] which is matched with the asymptotic form 
following from the perturbative QCD at large momenta. The non-leading LCDA 
can be related with the leading one by virtue of the Wandzura-Wilczek relation [1]. 
Both leading and non-leading LCDAs are calculated within the simplest models 
[1, 2] but two other, more complicated models are presented by the leading LCDA 
only. We have calculated the non-leading LCDA related with the models [3, 4] in the 
Wandzura-Wilczek approximation. Using these LCDAs the momentum-transverse-
dependent first inverse moments in all these models have been calculated. These 
moments are of impotance in the analysis of exclusive decays of B-mesons.
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Introduction
Hadrons are bound states of quarks, antiquarks and gluons. Hadrons are di-

vided into two large groups: mesons — particles with the integer total angular 
momentum J and baryons which have the half-integer J. Ordinary mesons consist 
of quarks and antiquarks which are fermions with the spin s = 1/2. Quarks differ 
by their favors which are known experimentally to be six: u, d, s, c, b, and t. 
According to the quark masses, it is convenient to divide quarks into the light u, 
d, s and heavy c, b, t ones. Each meson is characterized by its spin-parity JP, where 
  

J L S= +  is the total angular momentum and P = (–1)L+1 is the meson parity which 
depends on the angular momentum only. So, the ordinary meson with the lowest 
angular momentum L = 0 can be either a pseudoscalar JP = 0– or vector JP = 1– 
particle while the similar meson in the state with the first angular excitation L = 1 
has the positive parity and can be the scalar JP = 0+, axial-vector JP = 1+ or tensor 
JP = 2+ article after the quantum angular-momentum summation rule is taken into 
account. For true neutral mesons one can also introduce the additional quantum 
number called the charged parity C = (–1)L+S which contains information about 
both the total spin of the bound state and its angular momentum. According to this 
classification, the experimentally observed η– and η׳-mesons are particles with 
JPC = 1–+ (the true neutral pseudoscalar mesons) which are discussed in this paper. 
Let us concentrate on the light quarks u, d, and s. They are satisfying the ap-
proximate global flavor SU(3)F symmetry, which is broken due to the difference 
in quark masses. As the result, mesons constructed from these quarks also differ 
by their masses and, as a consequence, by their properties. Nevertheless, such 
symmetry allows to combine mesons with the same spin-parity into symmetry 
multiplets. Low-lying pseudoscalar mesons belong either the octet or singlet rep-
resentation of the SU(3)F group. As the symmetry is approximate, mesons from 
different representations can mix, in particular, η8- and η0-states are unobservable 
but their superpositions η η θ η θ

η η θ η θ
= −
= +






8 0

8 0

cos sin
sin cos

p p

p p

,

are physical mesons. Here, θp is the octet-singlet mixing angle and the phenom-
enological analysis results the interval θp ∈ [–20°, –10°] [2]. It is also possible to 
construct a true neutral pseudoscalar (JPC = 0–+ state ηG from two gluons which can 
mix with the flavor octet η8 and flavor-singlet η0. So, one can expect an admixure of 
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the two-gluon state in the physical η– and η׳-mesons. Experimentally, the gluonic 
component in the η-meson seems to be strongly suppressed [3] and can be neglected 
in further analysis. In a difference, the gluonic component in the η׳-meson is not 
so small which confirms, for example, by enlarging its mass in comparison with 
the η-meson mass [2]. In this approach, the 3-state mixing matrix is characterized 
by two mixing angles θp and φG [3]. Phenomenological analysis based on radiative 
decays of light pseudoscalar P → Vγ and vector V → Pγ mesons results the interval 
φG = (12±13)° [4]. According this analysis, unmixing of gluonic and quark states 
is still possible but the admixture of gluonic component in the η׳-meson more 
preferable and should be considered systematically.

To describe a meson in quantum field theory, one needs to determine a set of 
interpolating currents, matrix elements of which between the meson and vacuum 
states are non-vanishing. For the pseudoscalar meson, there are two local inter-
polating currents:

J x q x q x J x q x q x5 2 5 1 5 2 5 1µ µγ γ γ( ) = ( ) ( ) ( ) = ( ) ( ), ,
where q1,2(x) are light quark fields. There is the operator relation between the ax-
ial-vector current J x5µ ( )  and the pseudoscalar meson field ϕ(x)

q x q x f xM2 5 1( ) ( ) = − ∂ ( )γ γ ϕµ µ ,
where fM is the leptonic decay constant of the meson M with the four-momentum 
pM
µ . The corresponding matrix element at the origin (xµ = 0) is as follows:

< ( ) ( ) ( ) >=0 0 02 5 1q q M p if pM M Mγ γµ
µ .

An internal dynamics of the meson shows itself in study of non-local interpolat-
ing currents, in particular, the non-local axial-vector current can be written in the 
form: J x x q x x x q x5 1 2 2 2 5 1 2 1 1µ µγ γ, , ,( ) = ( ) [ ] ( )
where [x1, x2] is the path-ordered exponential which ensures the gauge invariance 
of the operator. In the Fock-Schwinger gauge of gluonic fields, which is assumed 
further in this paper, this exponential becomes trivial ([x1, x2] = 1) and does not 
present to the currents. Before the analysis of the η׳-meson can be done, it is con-
venient to work out the procedure on a more simple particle, say, on the π-meson 
which consists of the u-antiquark and d-quark. The matrix element of the non-
local axial-vector interpolating current J x x5 1 2µ ,( )  between the states of the fast-
moving π-meson and vacuum can be written as follows [7]:

< ( ) −( ) >=

= ( ) +

+

−

∫ ( )

0

2

5

0

1

2

u z d z p

if p due u

if m z

i pz

γ γ π

φ

µ
π

π
µ ξ

π

π π

µ

( )

( ppz
due g ui pz

)
,

0

1

∫ ( ) ( )ξ
π

where u is the quark energy measured in units of the π–-meson energy and ξ = 2u-1. 
In the frame where the meson is an ultrarelativistic particle, the quarks can be 
assumed to be massless particles which are situated on the light cone. So, their 
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positions are determined in terms of the light-like vector zµ (z2 = 0) and the origin 
of the frame is chosen as the center-of-mass point of the quark system. To specify 
the light-cone plane, it is necessary to introduce another vector pµ which can be 
determined as a light-like vector (p2 = 0) as follows: 

p p m z
p z

µ
π
µ π

µ

π

= −
( )

2

2
,

where pπ
µ  and mπ are the four-momentum and mass of the π-meson. Note the 

relations among the vectors: (pz) = (pπz) and ( ) /p p mπ π= 2 2 . The functions φπ(u) 
and ɡπ(u) entering the Lorentz expansion of the matrix element

< ( ) −( ) >−0 5u z d z pγ γ πµ
π( )

are the Fourier transforms of the Lorentz-structure form factors Фπ(pz) and Gπ(pz) 
and known as the Light-Cone Distribution Amplitudes (LCDAs). Two other LCDAs 
φπ

p u( )  and φπ
σ ( )u  can be introduced to parametrize the matrix elements of pseu-

doscalar and pseudotensor currents, respectively [7]. The generalizion on the η– and 
η׳-mesons is rather easy and connected with the replacement of the decay constant 
fπ to the constants accompanying the each term in the interpolation current as well 
as the SU(3)F -corrections induced by the s-quark should be taken into account.

Consider gluonic interpolating currents of the flavor-singlet pseudoscalar me-
son. From the gluonic field-strength tensor G xa

µυ ( )  and the dual one Ga
µυ (x) it is 

possible to produce the pseudoscalar and two pseudotensor of the 2nd and 4th rank 
gluonic currents from which the most complicated gluonic operator - the pseudo-
tensor of the 4th rank - is not considered here. To avoid unnecessary complications 
originated due to the mixing of quark and gluonic components in the η׳-meson 
which can be utilized further, we restrict ourselves on the pure gluonic state - the 
pseudoscalar glueball ηG. 

The transition matrix element of pseudoscalar gluonic current sandwiched 
between the fast-moving glueball state |ηG(pG)> and vacuum one <0| can be 
written in the form [5]: 

< ( ) −( ) ( ) >= ( )∫ ( )0
4 0

1

4
α
π

η φµυ
µυ ξst a a

G G M
i pz

M
gG z G p a due u z ,

where αst is the strong coupling, pG
µ  is the glueball four-momentum, and zµ and 

pµ are light-like vectors. The constant aM is determined in the local limit zµ→ 0 
through the QCD axial anomaly [1]: 

a G G pM
st

G G=< ( ) ( ) ( ) >0
4

0 0α
π

ηµυ
µυ
 ,

and the gluonic LCDA φ4M
g u( )  is the dimensionless function normalized 

to unity. 
As for the 2-rank pseudotensor gluonic current, one should subtracted all the 

traces first and the resulting transition matrix element can be decomposed into 
three independent Lorentz structures as follows:
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< ( ) −( ) − ( ) −( ) ( ) >=

= ( ) +( )

0 1
4

2

G z G g G z G p

p p pz

G G

g

µρ υ
ρ

µυ ρσ
ρσ

µ υ

ηz z

Φ pp z z p
pz

g pz

z z pz

g

g

µ υ µ υ µυ

µ υ

+ −
( )







 ( ) +

+ ( )

( )

( )

2 4

6

Φ

Φ .

Three form factors Φl
g x( ) ( ) , where l = 2, 4, 6 can be Fourier-transformed into 

the LCDAs φl
g u( ) ( ) : 

Φl
g

l
i pz

l
gpz F due u( ) ( )( ) = ( )∫

0

1
ξ φ( ) ,

where Fl are dimensionful constants which can be expressed through the leptonic 
decay constant of the meson. Vanishing of this operator in the local limit puts the 
condition φl

g( ) ( ) =0 0  on the form factors and, as the consequence, makes antisym-
metric the corresponding LCDAs:

φ φl
g

l
gu u( ) ( )−( ) = − ( ) .

There is a symmetry [8] based on the collinear conformal group to which the 
quantum fields situated on the light cone are satisfied. So, it is possible to decompose 
each quantum field on the components with definite twist t = l–s, where l and s are 
the canonical dimension (in units of a mass) of the field and its spin projection on the 
field momentum [8]. An expansion of these operators near the origin is an infinite 
series of conformal operators of increasing conformal spins (the conformal tower) 
starting from the lowest one jmin = (l + s)/2 [8]. In particular, the quark field q(x) 
with l = 3/2 is a sum of two components q+(z) and q+(z) with the spin projections 
s = ±1/2 and twists t = 1 and t = 2, respectively. The corresponding conformal tow-
ers are started from the operators with the jmin = 1 and jmin = 1/2. For the composite 
operators constructed from such fields, the operator twist is the additive quantum 
number and the leading conformal operator is assumed to have the lowest twist. 
Note that conformal operators are mixing under the operator renormalization but 
their expansion in local operators is completely determined by the collinear con-
formal group [8]. As the examples, the twist expansion of the quark pseudoscalar 
and axial-vector interpolating currents are as follows: 

J z z q z q z q z q z q z q z

J

q

q

5 5 5 5

5

( )
+ − − +

( )

−( ) ≡ ( ) −( ) = ( ) −( ) + ( ) −( ), ,γ γ γ
µ zz z q z q z q z q z n

q z q z

,−( ) ≡ ( ) −( ) = ( ) −( ) +

( ) −( ) +
+ + + −

+ ⊥ −

γ γ γ γ

γ γ

µ µ

µ

5 5

5 qq z q z q z q z n− ⊥ + − − − +( ) −( ) + ( ) −( )γ γ γ γµ µ
5 5 .

In a similar way, one can perform the twist expansion of the pseudoscalar gluonic 
current: 

J z G z G z G G G G Gq a a
µυ µυ

µυ
ρσ

ρσ
ρσ

ρ σε ε( )
⊥ +− ⊥⊥ ⊥ +⊥ −⊥ −( ) ≡ ( ) −( ) = − − − 2 2 ⊥⊥ +⊥ 

σ ρG .

It is possible to realize a similar twist expansion for the pseudotensor current: 
J z G z G g G z Gq
µυ µρ υ

ρ
µυ ρσ

ρσ( ) ( ) ≡ ( ) −( ) − ( ) −( )z z1
4

 .
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and the result will be presented elsewhere. Sandwiching an operator with definite 
twist between the meson state and the vacuum one, one obtains the corresponding 
LCDA with the same twist. It can be written as an expansion in terms of charac-
teristic polynomials produced by the corresponding representation of the collinear 
conformal group. Coefficients of this expansion are scale-dependent quantities and 
vanishing in the asymptotic limit of large momentum µ→∞. As a result, the scale-
independent term only is left in this limit and its explicit form is determined by 
lowest conformal spins of internal fields in the composite operator. In particular, 
the asymptotics of two-particle distribution amplitudes have a simple form (j1 and 
j2 are conformal spins of the meson constituents) [7]:

φas j ju u j j
j j

u u1 2
1 2

1 2
1
2 1

2
2 12 2

2 2
1 2, ( )

( ) ( )
.( ) = + − −Γ

Γ Γ
The asymptotic forms of the quark light-cone distribution amplitudes of the pseu-
doscalar meson are as follows: 

φ φ φπ σ ρ π
as as as asu u u u u g u( ) = ( ) = −( ) ( ) = ( ) =6 1 1, ,

where u is the reduced energy of the quark in the meson, while similar asymptotics 
of LCDAs corresponding to the pseudoscalar gluonic current have the forms: 

φ φ φ1 1 3 2 1 2
2

1 2 3 26 1 3,
( )

/ , /
( )

/ , /
( ), ,g as g as g asu u u u u u( ) = −( ) ( ) = ( ) == −3 1 2( ) ,u

where u is the reduced energy of the gluon. 
Conclusions

The results obtained can be summarize as follows:
1. Flavor-singlet pseudoscalar mesons are considered.
2. Local interpolating currents of mesons are constructed according to the quark 
structure.
3. Quark-antiquark and two-gluon interpolating currents of flavor-singlet pseu-
doscalar mesons are also constructed in the form of non-local operators.
4. Twist expansion of quark and gluonic currents is derived.
5. Asymptotics of quark and gluon LCDAs are calculated. 
I acknowledge the support by the Russian Foundation for Basic Research (Project 
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Introduction
The R3B setup is aimed for the complete measurements of reactions with heavy 

ion beams including detection and identification of heavy residues, as well as neu-
trons, protons and photons. Different kinds of its detector systems allow to run the 
experiments with different types of reactions and physical cases.

Active target detector (ACTAR) is supposed to be a part of the R3B set-up. It 
will allow registration of the recoil particles in coincidence with the heavy frag-
ments, neutrons and gamma-rays. This set-up gives thus a unique possibility to 
study elastic, inelastic, knockout and breakup reactions at low momentum transfer, 
and it will extend the possibilities of R3B in studies of nuclear structure of light and 
heavy exotic short-lived nuclei. Active target will not be a permanent part of the R3B 
system but will be mounted and used for a certain campaign of experiments.

The active target detector is a gas detector, which gas constitutes both the target 
and the detection medium. The active target will measure the kinematic character-
istics of the light recoil. The design of this detector is based on detector IKAR that 
was used in the previous experiments in GSI, but it was suitable only for studying 
the reactions with light 17C exotic nuclei [1, 2]. Two detectors are planned: ACTAR1 
for studying mainly elastic scattering and ACTAR2 for studying mainly inelastic 
scattering. In this paper we will report investigations of the ACTAR2.

The ACTAR2 prototype
The ACTAR2 detector was designed for investigation of inelastic scattering of 

nuclei on helium to study giant resonances. The ACTAR2 is an ionization chamber 
with sectioned anodes. The size of the ACTAR2 is smaller than ACTAR1 in order 
to fit inside the CALIFA detector which will measure the gamma-quanta in R3B 
set-up. For now, CALIFA is not constructed yet, so we use the existing gamma-
detector Crystal Ball.

A schematic view of the ACTAR2 prototype is shown in Fig. 1.
The system of the IC (Ionization Chamber) electrodes includes the cathode, 

the grid and the sectioned plane of anodes. All these parts are placed within a 60 
liters cylindrical aluminum vessel of 550 mm length with the internal diameter 
of 400 mm, the wall thickness being 6 mm. The anode-grid distance is 3 mm, the 
grid-cathode distance (the drift gap) is 220 mm. There are 11 field shape rings to 
improve the field uniformity in the drift gap placed around the sensitive volume 
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with 18 mm step (rings of 330 mm diameter, 1 mm gauge). The rings are connected 
to a voltage divider made of HV resistors. The grid is made of a stainless steel ring 
(of 324 mm diameter) made out of 50 mcm wire, wound with 0.4 mm step. The 
anode electrode is split onto 66 segments (Fig. 2).

The central anodes (A1-A2) are in the region of the beam. They collect the 
ionization electrons produced by the beam particles. Next anodes (A3-A6) collect 
the ionization electrons that produced by recoiled particles. The A3-A6 anodes are 
split into segments providing a measurement of azimuthal angle with precision of 
6 degrees. The momentum transfer in case of elastic scattering of nuclei on helium 
is determined by means of the energy of the recoil alpha-particles. This energy is 
measured by collecting ionization on these anodes (A3-A6). In case of inelastic 

Fig. 1. The schematic view of the ACTAR2 detector.

Fig. 2. The view of anode's segments.
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scattering, the polar angle and azimuthal angle of the recoils is required. The polar 
angle is measured by the time of signals on different electrodes 

The forward and backward flanges of the vessel hold semi-spherical beam 
windows made of beryllium. A beam passes perpendicular to the electrodes 
through the chamber where the interaction with the helium gas takes place. The 
active volume of the detector is defined by the cathode and the grid. The incident 
nuclei are scattered on nuclei of gas mainly at small polar angles. The electrons 
formed in the chamber gas by the recoil particles drift under the influence of an 
electric field to the anode of the chamber where they are collected and digitized 
by Flash ADCs (FADCs). Integrating the anode signals, we can get information on 
the energy of the recoil particles. The cathode signal provides information on the 
time of the interaction because this signal appears practically immediately after 
appearance of the recoiled particle.

The signal on each of the 66 pads is sampled in time and we can determine the 
arrival times. Thus, we can measure the height of the track above the given pad 
and three dimensional track reconstructions can be achieved.

Experimental setup
In April 2014, an experiment was performed at GSI with the ACTAR2 proto-

type [3]. The 58Ni beam with energy 700 MeV/u was impinging the R3B setup. In 
order to calibrate the detector, the 241Am-source was deposited on the cathode in 
front of the anode 7. The chamber was filled with helium-hydrogen (90%-10%) 
mixture at 5 bar gas pressure. Hydrogen was added to helium in order to increase 
the gas breakdown strength, as pure helium cannot stand the necessary high volt-
age. Signals from all anodes were read-out by independent electronic channels, 
including preamplifiers, amplifiers and ADCs. The start of the readout system was 
triggered by the beam scintillator detector. The information from all FADCs was 
recorded if a large enough pulse (more than 0.45 MeV) was present at least at one 
of the segmented anodes. The IC was surrounded by the gamma-detector Crystal 
Ball (with 162 NaI crystals).

The CFD method
The CFD method (constant fraction discriminator) is designed to produce 

accurate timing information from analog signals independent of their amplitude. 
This is achieved by splitting the input signal, attenuating half of it and delaying 
the other half, then feeding the two halves into a fast comparator with the delayed 
input inverted [4].

The beginning and the end of the signals are very important parameters to de-
terminate the polar angle. In the IC, we can determine the polar angle θ of emitted 
recoil particles with respect to the plane perpendicular to the beam direction by 
measuring the track projection length on this axis. Having constant drift velocity 
of the electrons in the gas, we obtain this projection length by measuring the pulse 
length detected at anodes.

The simplest method allowing to determine the arrival time of signals, is a 
leading-edge discrimination. Unfortunately, time determined in such way depends 
on the signal amplitude. 
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We used the CFD method, because of these reasons:
1. The CFD essentially eliminates amplitude-dependent time walk for signals 
with different amplitude.
2. The CFD method doesn't need the baseline determination.
3. Each FADC is equipped with a powerful FPGA (Spartan Xilinx 6). Modification 
of the firmware can allow determination of the time of signal arrival directly inside 
the FADCs.

Data analysis
The analysis of the data collected during the experiment at GSI in 2014 is 

perfomed using specially developed ROOT-based programs. The development 
of the algorithms is perfomed using data with the alpha-particle tracks from the 
241Am-source. The determination of the polar angle is illustrated in the Fig. 3.

Fig .3. The principle of the polar angle determination.

1. Using the CFD we determine the beginning and the end of the signal. We are 
interested in the pulse length that equals time of the end on the anode 7 minus time 
of the beginning on the anode X (it can be any neighboring anode).
2. We will study only clean signals that appear only on two neighboring anodes. 
All the signals will include anode 7, because the radioactive source was placed on 
the cathode surface inside of the chamber opposite the anode 7. It means that we 
will see the “strongest” signals having events with the signals on anode 7 above 
the threshold.
3. We need the range L of the alpha-particles and the drift velocity V of the elec-
trons in helium-hydrogen gas mixture. The first one was calculated by program 
SRIM (43 mm) [5]. The second part was calculated by program Garfield [6]. 

Below we will show the results of calculations of the polar angles and energy 
on the anodes 6-7. The main aim of this work was determination of the polar angle 
of recoiled particles.

We obtained the angle distribution (Fig. 4) for the alpha-particles from 241Am-
source. These results look realistic. We expected that the angles should be in the 
range of 10 to 75-80 degrees because of the geometry of the alpha-source.
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The energy distribution for the alpha-particles stopped inside the ionization 
chamber is also obtained. It showed a tail related with complex geometry of the 
source (Fig. 5).

Conclusion
The results of this experiment demonstrated the success of using CFD method 

for the time determination. It means that we can use this method for analyzing 
signals from the recoil particles produced by the heavy ion beam.
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Introduction
Fibrous proteins play a significant role in animals’ organism. They are parts of 

supporting, forming, coupling elements (cartilages, tendons, bones) and of external 
protective covers (wool, feathers, shell). Mechanical characteristics of these pro-
teins are determined by their structure: water-insoluble supramolecular formation 
of parallel to each other oblong polypeptide chains [1]. The same structures arise 
in a tissue at prion diseases. They consist of infected isoform of prion proteins 
united into large fibre and later into an amyloid plagues, resistant to the proteases 
and denaturants. [2]. 

Keratins are ubiquitous proteins, being found in everything from wool, hair, 
nails, horns and hoofs to the nuclei of cells [3]. There are difficulties relating to 
their extractability from biological samples, so researchers encounter an obstacle 
in process of their study using different approaches [4, 5]. Investigation of natural 
fibrous proteins structure can be essential for medical purposes, and in particular 
can help us to understand a mechanism of prion fibrils formation and their pos-
sible destruction.

IR spectroscopy is a very promising method for the molecular structure analysis. 
Specifically it gives information about the protein secondary structure and their 
conformational transitions [6]. In 50th of 20 century an existence of correlation 
between definite bands in IR-spectra of polypeptides and their secondary structure 
was shown. Lately it was proved by a detailed analysis of structure-sensitive amide 
bands. A fact of dependence between frequency of these bands and types of the 
secondary structure (α-helix, β-sheets, β-turns etc.) was established [6, 7]. Amid 
I band (1600 cm-1 – 1700 cm-1) which corresponds to C=O oscillations is the very 
interesting for us as the most informative among these bands [6, 7]. 

Results and Discussion
Biological samples (human hair and nail) were obtained from the researchers. 

Samples were frozen with liquid nitrogen and powdered in agate mortar. Then they 
were pressed in pellets with KBr (concentration of the sample in range of 0,2 to 
1,0%) using a hydraulic press. Spectra were collected using a FTIR spectrometer 
Nicolet 8700 in transmission mode in range of 4000 – 700 cm-1, step 2 cm-1, 500 
savings (Fig. 1). 
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Spectra were worked up using the software supplied with the spectrometer and 
OriginPro. Every spectrum was smoothed by FFT filtering, then Amid I band was 
isolated and the baseline correction was performed. Then the decomposition of 
Amid I band to components of Gaussian contours was done (Fig. 2). The positions 
of Gaussian’ maximums are correspond to the minimums of the second derivative 
of Amid I band. Finally, a relation of a square of one contour to a square of the 

Fig. 1. FTIR spectrum of human hair. 

Fig. 2. The Amid I band decomposited to Gaussians according to the minimums 
of the graph of 2nd derivative. 
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whole Amid I was found, so we could use a literature data (Table 1) [7] to obtain 
the percentage of each kind of secondary structure in the samples under investiga-
tion (Fig. 3, Table 2). 

Mean frequencies Assignment
1624±1.0 β-sheet
1627±2.0 β-sheet
1633±2.0 β-sheet
1638±2.0 β-sheet
1642±1.0 β-sheet
1648±2.0 Random
1656±2.0 α-helix
1663±3.0 310 helix
1667±1.0 β-turn
1675±1.0 β-turn
1680±2.0 β-turn
1685±2.0 β-turn
1691±2.0 β-sheet
1696±2.0 β-sheet

Table 1. [7] Deconvoluted Amide I band 
frequencies and assignments to secondary 
structure forms.

Fig. 3. Decomposition of Amid I of hair spectrum (a) and nail spectrum (b). 

Gaussian 
center, 
cm-1

Area, 
%

Secondary 
structure

1613,4 3,83 Indefinite
1630,3 16,28 β-sheet
1653,7 43,42 α-helix
1675,6 20,96 β-turn
1693,4 15,51 β-sheet

Gaussian 
center, 
cm-1

Area, 
%

Secondary 
structure

1614,6 4,08 Indefinite
1633,2 19,51 β-sheet
1654,6 40,01 α-helix
1679,7 32,32 β-turn
1693,2 4,09 β-sheet

Table 2. Percentage of secondary 
structures in the samples of hair (a) 
and nail (b).

b)

a)
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Table 3. Secondary structure of  keratins studied in the presence work and from 
the literature FTIR spectroscopy data.

Hair, 
(±4%)

Nail, 
(±4%)

intact horsehair woolfiber (±3%) [5]

[8] [9] intact soft ex-
tracted 
keratins

hard ex-
tracted 
keratins

α-helix, 
% 43 40 42 38 57 36 26

β-sheet, 
% 32 24 36 50 52

β-turn, % 21 32
The experiment shown the content of α-helix close to 40% in both samples 

investigated. It agrees with FTIR spectroscopy data for alpha-keratins of other 
biological samples [5, 8, 9]. Indefinite Gaussians in Amid I decomposition can be 
explained by the amino acids side chains oscillations [6]. Also we can not exclude 
the presence of some admixtures. Although at studying of the whole biological 
samples we are faced with an intricate complex of biomolecules and therefore often 
it is difficult to segregate contributions from them to the observed value, neverthe-
less in such objects we’ve got proteins in their native state. For example the extrac-
tion of alpha-keratins from wool both under the soft (using 2-mercaptoethanol) 
or hard (by a method of alkaline hydrolysis) conditions cause the decrease in the 
content of α-helix and the increase of β-sheets and disordered structures [5] (table 
3). Another reason for the attempts to analyse the protein structure in the whole 
biological objects is the development of diagnostic methods. Some interesting 
experiments showed the opportunity to found a correlation between the form of 
IR spectra of blood, sera, nails, hair, tissues and a  disease [10, 11]. In this aspect 
it is very important to analyse the protein secondary structure in intact biological 
samples.
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Introduction

     The aim of the study was to describe the process of limb movements for two-link mech-
anism. The three-tiered mechanism - the mechanism, the limbs of which consist of 3 units. 
The study of human movement as a biomechanical system conducted by 
Bernstein A.M. [1]. The author has identified and studied the main dynamic of 
different phases of human movement, studied the curves of the longitudinal ac-
celeration knee and ankle joints. In general, the movement of human traffic is 
considered as a kinematic chain and the use of machines in artificial analogues of 
human movement requires an accurate description of the trajectories of movement 
of elements of the kinematic chain and tracing the path of movement. Functional 
analysis of human walking [2] highlights the phases of motion and stabil-
ity angulogramm allocates (schedules angles between adjacent links of course). 
To achieve the objectives of the study experimentally built step sequence diagram 
rights and considered the possibility of solving the inverse problem of mechanics. 
However, given the complexity and vastness of the problem was realized only a 
fraction of Task- namely the mathematical description of the motion odnozven-
nogo mechanism.

Results and Discussion
To describe the key points were highlighted M1, M2 and Ḿ2, by which deter-

mines the position of the limbs of the machinery space. Where is the common 
point of the beginning of the M1 limbs and point M2 and Ḿ2 - their ends. Motional 
odnozvennogo mechanism was divided into 4 stages. When considering the figures 
of which have been recorded following angles:
α1 - angle M1 in a triangle M1M1Ḿ1;
α2 - angle to the base of the triangle M1M2Ḿ2 plane (stages 1 and 2);
α2 - M1Ḿ1 angle side to the vertical axis (stages 1 and 2); 
α᷉3 - M1M1 angle side relative to the vertical axis (stages 3 and 4)
α᷉2 - angle to the base plane triangle M1M1Ḿ1 (stages 3 and 4);

During the performance, the equations were derived for each of the 4 stages, 
which are built on the basis of further calculations: 
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Through these equations have been described in the work function of the angles 
acting at any given time t.

And on the basis of the general function of the angle α3 system it was built, 
describing the position of the point M1 about the axes of ordinates and abscissas:

Ym t Ln t
Xm t Ln t

1 3

1 3

( ) cos ( )
( ) cos ( )

= ⋅
= ⋅





α
α

, where Ln − length of the limb, and t ranges from 0 

to ∞.
Also, using the equations of steps described the overall function of the angle 

α2, which is the basis for a system of point M2 where time t varies in the range of 
half-time step. This system has been converted in this way, that the time t may take 
the values in the range of one pitch. Where the argument of trigonometric func-
tions were expressions determining the appropriateness of the functions of angles 
are in the original system to the point M2 and final values of these functions as 
a point M2 changes its position only in stages 1 and 2 (in the range of one step). 
     This system has been converted for the general case, given 
that when the different steps in the first change position different limbs. 
For this function is composed X1(t), which determines the position of one limb 
with respect to the x-axis and the function of X2(t), which determines the position 
of the other end with respect to the horizontal axis. 

Similarly, these features create a function Y1(t) and Y2(t), which determine the 
position of the limbs with respect to the vertical axis. These functions are used 
interchangeably, as the different steps of the movement begin to separate limbs. 
Thus, a system for point M2 is as follows:
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     Similarly, this system is composed of equations for point Ḿ2:
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Conclusion
As a result, study author has found such a system of equations that satisfy the 

solution of the problem for the general case and determining the position of control 
points in space at any given time. 
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